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O(10)M⊙ primordial black holes  
and  

string axion dark matter 

Inomata, Kawasaki, Mukaida, Tada, Yanagida



The density fluctuations of  δ = (ρ - ρaverage)/ρaverage  = O(1) collapse.

δ  = O(1)

Collapsed objects

Primordial Black Hole

If δ = O(1) for the fluctuation with a spacial size ~ H-1

δ  = O(1)

H-1

Collapsed objects : Mass ~ 4π/3 ρ H-3

Schwarzschild Radius of  : G Mass ~ H-1 > Object Size  !

δ = O(1) of a spacial size ~ H-1  → Black Hole 



Primordial Black Hole

MBH ~ 4π/3 ρ H-3

Abundance

β∗(M∗) =
∫ 1

1/3

dδ√
2πδ̄(M∗)

exp

(

−
δ2

2δ̄2(M∗)

)

≃ δ̄(M∗) exp

(

−
1

18δ̄2(M∗)

)

, (39)

where δ̄(M∗) is the mass variance at horizon crossing. Assuming that only black holes with

mass M∗ are formed (this assumption is justified later), the density of the black holes ρBH

is given by

ρBH

s
≃

3

4
β∗T∗, (40)

where s is the entropy density. Since ρBH/s is constant at T < T∗, we can write the density

parameter ΩBH of the black holes in the present universe as

ΩBHh2 ≃ 5.6 × 107β∗, (41)

where we have used the present entropy density 2.9× 103cm−3 and h is the present Hubble

constant in units of 100km/sec/Mpc. Requiring that the black holes (=MACHOs) are dark

matter of the universe, i.e. ΩBHh2 ∼ 0.25, we obtain β∗ ∼ 5 × 10−9 which leads to

δ̄(M∗) ≃ 0.06. (42)

This mass variance suggests that the amplitude of the density fluctuations at the mass scale

M∗ are given by

δρ

ρ
≃ 2Φ ≃ 0.01, (43)

where Φ is the gauge-invariant fluctuations of the gravitational potential [9]. We will show

later that such large density fluctuations are naturally produced during the new inflation.

Since only fluctuations produced during the new inflation have amplitudes large enough

to form the primordial black holes, the maximum mass of the black holes is determined by the

fluctuations with wavelength equal to the horizon at the beginning of the new inflation. We

require that the maximum mass is ∼ 1M⊙. On the other hand, the formation of black holes

with smaller masses is suppressed since the spectrum of the density fluctuations predicted

by the new inflation is tilted (see eq.(19)): the amplitude of the fluctuations with smaller
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https://ned.ipac.caltech.edu/level5/Sept03/Peacock/Peacock6_2.html

 δ

1/3

Energy fraction at the formationMass of the PBH formed at H ~ T2/MPL

LIGO-Virgo Events By PBH ?

O(10)M⊙ Black hole merger ~ 12 - 213 / Gpc3 / year  

→ O(10)M⊙  PBH with  ΩPBH/ΩDM ~ 10-3 - 10-2

δ2 ~ 0.01-

https://ned.ipac.caltech.edu/level5/Sept03/Peacock/Peacock6_2.html


Primordial Black Hole

At large scales, the fluctuations are
δ(CMB, galaxy cluster) ~  4(ΔT/T)CMB   ~ 10-4 

δ2(PBH) ~ 0.01 at H-1 << CMB, galaxy cluster sizes
We prepare large fluctuation at very small structure scale !

k = 2π/L 

spectrum of  δ2

GalacticCosmic

≈

10-4

PBH

7
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FIG. 1. The blue shaded regions show the parameter regions which are consistent with observations of both ns and d ns /d lnk . In each
point of this figure, we calculate the value of Hinf,first which is consistent with the observation of As . The lower left white region in the
left figure shows the parameter region of Nfirst, pivot < 18. The light black shaded regions show the parameter regions which make the
perturbations non-linear due to the resonances (see App. A). We take 'q =

p
200 and Nfirst,pivot = 18 as a fiducial value and we take n = 3

in the left figure and n = 4 in the right figure.

FIG. 2. The scalar power spectrum for parameters given in
Eq. (41). Orange shaded regions are excluded by the current con-
straint on µ-distortion, |µ|< 9⇥10�5 [70] and the effect on n-p ra-
tio during big-bang nucleosynthesis [71].a The black dotted line
represents a future constraint by µ-distortion with the PIXIE [74],
|µ|< 10�8.
a There are other constraints on the power spectrum of curvature

perturbations around 104-105 Mpc�1 [72, 73] and their constraints are
similar to [71].

showed its result in Fig. 3. From this, one can see that
there is a peak at the MPBH = 30M� and the height is
around ⌦PBH/⌦DM ' O (10�3). According to [21], the ex-
pected merger rate in this PBH spectrum is consistent with
the merger rate estimated by LIGO-Virgo collaboration,
12–213 Gpc�3yr�1 [15].

As pointed out in Refs. [58, 59], the density (scalar) per-
turbations large enough to realize abundant PBHs can gen-
erate GWs (tensor perturbations) due to the second or-
der effect, and the frequency of such secondary GWs for
O (10)M� PBHs lies around the sensitivity region of the PTA

FIG. 3. The PBH mass spectrum for parameters given in
Eq. (41). Red shaded regions are excluded by extragalactic gamma
rays from Hawking radiation (EG�) [75], femtolensing of known
gamma ray bursts (Femto) [76], white dwarfs existing in our lo-
cal galaxy (WD) [77], microlensing search with Subaru Hyper
Suprime-Cam (HSC) [78], Kepler micro/millilensing (Kepler) [79],
EROS/MACHO microlensing (EROS/MACHO) [80], dynamical
heating of ultra faint dwarf galaxies (UFD) [51], and accretion con-
straints from CMB (CMB) [50]. See also [23] for a recent summary
of observational constraints on PBHs.

experiments ⇠ 1 nHz. Therefore one has to carefully check
the consistency with these experiments. Following the in-
struction of Ref. [86], we calculated the current abundance
of the secondary GWs, whose result is shown in Fig. 4 with
the current and future observational constraints. Thanks
to the sharpness of our power spectrum of the curvature
perturbations, the resultant GWs successfully evade the
current PTA constraints.

-

-
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FIG. 1. The blue shaded regions show the parameter regions which are consistent with observations of both ns and d ns /d lnk . In each
point of this figure, we calculate the value of Hinf,first which is consistent with the observation of As . The lower left white region in the
left figure shows the parameter region of Nfirst, pivot < 18. The light black shaded regions show the parameter regions which make the
perturbations non-linear due to the resonances (see App. A). We take 'q =

p
200 and Nfirst,pivot = 18 as a fiducial value and we take n = 3

in the left figure and n = 4 in the right figure.

FIG. 2. The scalar power spectrum for parameters given in
Eq. (41). Orange shaded regions are excluded by the current con-
straint on µ-distortion, |µ|< 9⇥10�5 [70] and the effect on n-p ra-
tio during big-bang nucleosynthesis [71].a The black dotted line
represents a future constraint by µ-distortion with the PIXIE [74],
|µ|< 10�8.
a There are other constraints on the power spectrum of curvature

perturbations around 104-105 Mpc�1 [72, 73] and their constraints are
similar to [71].

showed its result in Fig. 3. From this, one can see that
there is a peak at the MPBH = 30M� and the height is
around ⌦PBH/⌦DM ' O (10�3). According to [21], the ex-
pected merger rate in this PBH spectrum is consistent with
the merger rate estimated by LIGO-Virgo collaboration,
12–213 Gpc�3yr�1 [15].

As pointed out in Refs. [58, 59], the density (scalar) per-
turbations large enough to realize abundant PBHs can gen-
erate GWs (tensor perturbations) due to the second or-
der effect, and the frequency of such secondary GWs for
O (10)M� PBHs lies around the sensitivity region of the PTA

FIG. 3. The PBH mass spectrum for parameters given in
Eq. (41). Red shaded regions are excluded by extragalactic gamma
rays from Hawking radiation (EG�) [75], femtolensing of known
gamma ray bursts (Femto) [76], white dwarfs existing in our lo-
cal galaxy (WD) [77], microlensing search with Subaru Hyper
Suprime-Cam (HSC) [78], Kepler micro/millilensing (Kepler) [79],
EROS/MACHO microlensing (EROS/MACHO) [80], dynamical
heating of ultra faint dwarf galaxies (UFD) [51], and accretion con-
straints from CMB (CMB) [50]. See also [23] for a recent summary
of observational constraints on PBHs.

experiments ⇠ 1 nHz. Therefore one has to carefully check
the consistency with these experiments. Following the in-
struction of Ref. [86], we calculated the current abundance
of the secondary GWs, whose result is shown in Fig. 4 with
the current and future observational constraints. Thanks
to the sharpness of our power spectrum of the curvature
perturbations, the resultant GWs successfully evade the
current PTA constraints.

Inomata, Kawasaki, Mukaida, 
Tada, Yanagida



Migdal Effect in Dark Matter Direct 
Detection Experiments  

Ibe, Nakano, Shoji, Suzuki  



Dark Matter Direct Detection Experiment

The Earth is immersed in a dark matter halo (ρDM ~ 0.4  GeV/cm3) 
Dark Matter in such a halo has a velocity distribution (<vDM>~220km/s)  
The Sun moves at a speed of 232 km/s around the Galaxy.  
(The Earth moves around the Sun with a speed of 30 km/s)

Dark matter scatters off a nucleus of the detector 
material and deposits recoil energy (O(10)keV)

Underground

detector

DM
DM

vDM The recoil energy is detected through ionization, 
scintillation, and the production of heat in the 
detectors. recoil energy



How is the Nucleus Scattering detected ?
e.g. Liquid Xenon (LXe) Detector

Xe

Xe

Xe

Recoiled Xe lose its energy  
via (in)elastic scattering with 
other Xe.

DM

Inelastic scattering leads to 
excite/ionize Xe’s.

The excited/ionized Xe’s 
form excited molecular 
(excimer). 

Xe

Xe

*
Xe

Xe

Xe
*

Xe

Xe

Excimer eventually decays by emitting a photon with a 
characteristic wave length (~ 175nm ) 
                                              = scintillation photon !

γ

Scintillation photons &/ emitted electrons @ ionizations
Nuclear recoil is detected by looking for 

(Typical Time Scale ~ O(1)ns - O(10)ns )

Xe

Xe

DM

# scintillation photon ∝ Recoil Energy



What is missing in this analysis?

In conventional analysis, the recoiled nucleus is treated as a 
recoiled neutral atom. 

(a) (b)

N N

1

In reality, it takes some time for the electrons to catch up…

v

(a) (b)

N N

1

v

≠

The process to catch up causes electron excitations/ionizations!

→ Migdal Effect ! [1939, Migdal]

Xe

Xe

Xe

DM DM
e.g. Liquid Xenon (LXe) Detector

[ ’05 Vergados&Ejiri, ’07 Bernabei et al.  Application to DM detection ]



After phase space integration : 

where we have approximated by pI
A

0 ' pF
A

0 ' m
N

in the overall normalization since we

are interested in non-relativistic scattering. Here we define the physical mass of the atomic

system, m
A

by

m
A

= m
A

+ E
ec

, (56)

in the atomic rest frame. By boosting m
A

, we obtain the four-momentum of the atomic

system in an arbitrary frame. For example, the final state four-momentum is given by,

pF
A

' (pF
A

0,m
A

v

F

) , pF
A

0 ' mF

A

+
1

2
m

A

v2
F

= m
A

+ EF

ec

+
1

2
m

A

v2
F

. (57)

For the phase space integration, it is useful to take the quantization axis of the angular

momentum along the direction of q
e

, with which the factor |Z
FI

(q
e

)|2 depends only on the

size of q
e

. In the center of the mass frame, the integration over pF

A

can be performed trivially,

which leads to p

F

DM

= �p

F

A

= p

F

. The remaining delta function is also eliminated by the

integration over pF

DM

, which leads to

d�

d cos ✓
CM

'
X

E

F
ec

1

32⇡

|p
F

|
(pI

A

0 + pI
DM

0)2|p
I

| |M|2|Z
FI

(q
e

)|2 . (58)

Here we performed the integration over the azimuthal angle in the center of the mass frame.

The initial momentum in the center of the mass frame p

I

is given by

p

I

DM

= �p

I

A

= p

I

' µ
N

v

I

DM

. (59)

It should be noted that the scattering process is no longer elastic for EF

ec

6= EI

ec

. Accordingly,

the final state momentum in the center of the mass frame becomes smaller than |p
I

|,

|p
F

|2 ' |p
I

|2 � 2µ
N

(EF

ec

� EI

ec

) . (60)

To satisfy |p
F

| > 0, there is a threshold velocity,

v(th)
DM

=

s
2(EF

ec

� EI

ec

)

µ
N

, (61)

with which |p
F

| is rewritten by,

|p
F

| = µ
N

q
v2
DM

� v(th) 2
DM

. (62)

11

where EI,F

ec

are the energy eigenvalues of the initial and the final electron clouds in the rest

frame, respectively. By using the energy eigenfunctions in Eq. (23), the T -matrix of this

process is given by,

T
FI

= M⇥ i(2⇡)�(E
F

� E
I

)

Z
d3x

N

d3x
DM

Y

i

d3x
i

�3(x
N

� x

DM

)

⇥�⇤

E

F
ec
({x� x

N

})e�i

P
i qe·xie�ip

F
N ·xN�

E

I
ec
({x� x

N

})e�i(p

F
DM�p

I
DM )·xDM , (49)

= M⇥ i(2⇡)4�(E
F

� E
I

)�3(m
A

v

F

+ p

F

DM

� p

I

DM

)

⇥
Z Y

i

d3x
i

�⇤

E

F
ec
({x})e�i

P
i qe·xi�

E

I
ec
({x}) . (50)

In the second equality, we shifted the integration variable x

i

by x

N

.

As a result, we obtain the matrix element

T
FI

' M⇥ Z
FI

(q
e

)⇥ i(2⇡)4�4(p
F

� p
I

) , (51)

where

�4(p
F

� p
I

) = � (E
F

� E
I

)⇥ �3(m
A

v

F

+ p

F

DM

� p

I

DM

) , (52)

Z
FI

(q
e

) =

Z Y

i

d3x
i

�⇤

E

F
ec
({x})e�i

P
i qe·xi�

E

I
ec
({x}) , (53)

q

e

= m
e

v

F

, (54)

for v
I

= 0. The term proportional to M denotes the nuclear recoil and the factor Z
FI

(q
e

)

denotes the transition of the electron cloud. It should be emphasized that our approach

treats the nucleus and the electron cloud coherently, which enables us to derive the invariant

amplitude with manifest energy-momentum conservation.3

C. Phase Space Integration

By noting the normalizations in Eqs. (23), (29), (see also (A1)), the di↵erential cross

section is given by,4

d� '
X

E

F
ec

d3pF

A

(2⇡)32pF
A

0

d3pF

DM

(2⇡)32pF
DM

0

|M|2 ⇥ |Z
FI

(q
e

)|2
4
p

(pI
A

· pI
DM

)2 �m2

A

m2

DM

⇥(2⇡)4�4(pF
A

+ pF
DM

� pI
A

� pI
DM

) , (55)

3 The Fermi’s golden rule is justified by taking the timescale much loner than (EF

ec

�EI

ec

)�1, which is also

much longer than the timescale of the Migdal e↵ect, i.e. the Bohr radius divided by the speed of light.
4 The factor |Z

FI

|2 is missing in the cross section in [14] although the energy-momentum conservation are

taken into account correctly.
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(pAI 0 = mA, pDMI 0 = mDM)

where we have approximated by pI
A

0 ' pF
A

0 ' m
N

in the overall normalization since we

are interested in non-relativistic scattering. Here we define the physical mass of the atomic

system, m
A

by

m
A

= m
A

+ E
ec

, (56)

in the atomic rest frame. By boosting m
A

, we obtain the four-momentum of the atomic

system in an arbitrary frame. For example, the final state four-momentum is given by,

pF
A

' (pF
A

0,m
A

v

F

) , pF
A

0 ' mF

A

+
1

2
m

A

v2
F

= m
A

+ EF

ec

+
1

2
m

A

v2
F

. (57)

For the phase space integration, it is useful to take the quantization axis of the angular

momentum along the direction of q
e

, with which the factor |Z
FI

(q
e

)|2 depends only on the

size of q
e

. In the center of the mass frame, the integration over pF

A

can be performed trivially,

which leads to p

F

DM

= �p

F

A

= p

F

. The remaining delta function is also eliminated by the

integration over pF

DM

, which leads to

d�

d cos ✓
CM

'
X

E

F
ec

1

32⇡

|p
F

|
(pI

A

0 + pI
DM

0)2|p
I

| |M|2|Z
FI

(q
e

)|2 . (58)

Here we performed the integration over the azimuthal angle in the center of the mass frame.

The initial momentum in the center of the mass frame p

I

is given by

p

I

DM

= �p

I

A

= p

I

' µ
N

v

I

DM

. (59)

It should be noted that the scattering process is no longer elastic for EF

ec

6= EI

ec

. Accordingly,

the final state momentum in the center of the mass frame becomes smaller than |p
I

|,

|p
F

|2 ' |p
I

|2 � 2µ
N

(EF

ec

� EI

ec

) . (60)

To satisfy |p
F

| > 0, there is a threshold velocity,

v(th)
DM

=

s
2(EF

ec

� EI

ec

)

µ
N

, (61)

with which |p
F

| is rewritten by,

|p
F

| = µ
N

q
v2
DM

� v(th) 2
DM

. (62)
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FIG. 4. The di↵erential event rates expected at the single-phase experiments with the liquid Xe

target. The black lines show the conventional atomic recoil spectrum with the electron cloud

una↵ected, which are almost the same as the ones in the conventional analysis. The green, blue,

and pink lines show the rates with the ionization from n = 3, 4, and 5, respectively. Here, we do

not take the energy resolution into account. Since we apply the estimations for the isolated atoms,

the ionization spectrum from the valence electrons, i.e. n = 5, are not reliable.

The figures show that the electronic energy from the ionizations can be larger than the

maximum value of the (electron equivalent) nuclear recoil energy for a rather light dark

matter. As discussed in the previous section, the shape of the energy spectrum of the

electronic injections is not sensitive to the incident dark matter velocity as long as they are

kinematically allowed. The nuclear recoil energy, on the other hand, depends on the dark
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Neutrino background for a Xe target

Migdal Effect single-phase Liquid Xe detectors 

A few events with Edet = O(1)keV are  expected for 105 kg days !

Edet  = (0.1-0.2) ER  + EEM EEM = Ee + Edex ~ Ee - En 

The atom recoil energy is lower than threshold  ER < MDM2 /MA  x vDM2   < O(1)keV

XM
ASS threshold

Neutrino Background

Implication on Dark Matter Direct Detection Experiments

Migdal Effect might opens up new detection channel of the DM-NUCLEAR scattering !

de-excitation  
energy is added



Backup



Numerical Transition Rate (by using Flexible Atomic Code)

TABLE II. The excitation probabilities into unoccupied states for a given initial state orbital (n, `).

Here P
!n

0
`

0 is defined by P
!n

0
`

0 ⌘ pd
qe
(n` ! n0`0). The probabilities not shown in this table are

forbidden or negligibly small.

Ar (q
e

= m
e

⇥ 10�3)

(n, `) P
!3d P

!4s P
!4p P

!4d P
!5s P

!5p E
n`

[eV] 1
2⇡

R
dE

e

dp

c

dEe

1s – – 1.3⇥ 10�7 – – 4.3⇥ 10�8 3.2⇥ 103 7.2⇥ 10�5

2s – – 5.3⇥ 10�6 – – 1.8⇥ 10�6 3.0⇥ 102 4.1⇥ 10�4

2p 4.3⇥ 10�6 5.0⇥ 10�6 – 3.0⇥ 10�6 1.3⇥ 10�6 – 2.4⇥ 102 4.2⇥ 10�3

3s – – 5.3⇥ 10�7 – – 1.1⇥ 10�6 2.7⇥ 10 1.2⇥ 10�3

3p 7.9⇥ 10�3 8.5⇥ 10�3 – 4.0⇥ 10�3 1.2⇥ 10�3 – 1.3⇥ 10 7.4⇥ 10�2

(n, `) 3d 4s 4p 4d 5s 5p

E
n`

[eV] 1.6 3.7 2.5 0.88 1.6 1.2

Xe (q
e

= m
e

⇥ 10�3)

(n, `) P
!4f P

!5d P
!6s P

!6p E
n`

[eV] 1
2⇡

R
dE

e

dp

c

dEe

1s – – – 7.3⇥ 10�10 3.5⇥ 104 4.6⇥ 10�6

2s – – – 1.8⇥ 10�8 5.4⇥ 103 2.9⇥ 10�5

2p – 3.0⇥ 10�8 6.5⇥ 10�9 – 4.9⇥ 103 1.3⇥ 10�4

3s – – – 2.7⇥ 10�7 1.1⇥ 103 8.7⇥ 10�5

3p – 3.4⇥ 10�7 4.0⇥ 10�7 – 9.3⇥ 102 5.2⇥ 10�4

3d 2.3⇥ 10�9 – – 4.3⇥ 10�7 6.6⇥ 102 3.5⇥ 10�3

4s – – – 3.1⇥ 10�6 2.0⇥ 102 3.4⇥ 10�4

4p – 4.1⇥ 10�8 3.0⇥ 10�5 – 1.4⇥ 102 1.4⇥ 10�3

4d 7.0⇥ 10�7 – – 1.5⇥ 10�4 6.1⇥ 10 3.4⇥ 10�2

5s – – – 1.2⇥ 10�4 2.1⇥ 10 4.1⇥ 10�4

5p – 3.6⇥ 10�2 2.1⇥ 10�2 – 9.8 1.0⇥ 10�1

(n, `) 4f 5d 6s 6p

E
n`

[eV] 0.85 1.6 3.3 2.2
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FIG. 3. The di↵erential ionization probabilities as a function of the emitted electron energy, E
e

,

for isolated Ar, Xe, Ge, Na, and I. The contributions from di↵erent `’s are summed. We also

summed all the possible final states for a given n. The integrated probabilities are given in Tab. II.

21

initial state

ionization spectrum

The ionization rate from n = 3 state can be O(10-3). 
→ leading to O(1)keV electronic energy deposition !

The excitation rates are smaller. 

(transition is possible only for | Δℓ |= 1)
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A few hundred events with Edet = O(1)keV are  expected for 105 kg days !

Edet  = (0.1-0.2) ER  + EEM EEM = Ee + Edex ~ Ee - En 

The atom recoil energy is much lower than threshold  ER < MDM2 /MA  x vDM2   = O(1)eV

XM
ASS threshold
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FIG. 4. The di↵erential event rates expected at the single-phase experiments with the liquid Xe

target. The black lines show the conventional atomic recoil spectrum with the electron cloud

una↵ected, which are almost the same as the ones in the conventional analysis. The green, blue,

and pink lines show the rates with the ionization from n = 3, 4, and 5, respectively. Here, we do

not take the energy resolution into account. Since we apply the estimations for the isolated atoms,

the ionization spectrum from the valence electrons, i.e. n = 5, are not reliable.

The figures show that the electronic energy from the ionizations can be larger than the

maximum value of the (electron equivalent) nuclear recoil energy for a rather light dark

matter. As discussed in the previous section, the shape of the energy spectrum of the

electronic injections is not sensitive to the incident dark matter velocity as long as they are

kinematically allowed. The nuclear recoil energy, on the other hand, depends on the dark
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Implication on Dark Matter Direct Detection Experiments

Migdal Effect single-phase Liquid Xe detectors 



For heavier dark matter, the atom recoil energy is much lower than threshold   
                                                ER < MA2 x vDM2   = O(10-100)keV
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The  Migdal effect is submerged below the conventional nuclear recoil spectrum.

Edet  = (0.1-0.2) ER  + EEM EEM = Ee + Edex ~ Ee - En 

Implication on Dark Matter Direct Detection Experiments

Migdal Effect single-phase Liquid Xe detectors 


