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Introduction to the seesaw model

Seesaw model is a very attractive model which
explains tiny neutrino mass

We suppose that Majorana masses are much
heavier than Dirac masses.



a general mass term of the seesaw model
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the mass matrix

) B iy, 1
ﬂ-L, o (m% !HR)
For the simplicity, we set mi=0 and mr is already
diagonalized.

0 mp
M, = (m% M )

( 0 0 0 Mpe1 MpDe2 ?nDeS\
0 0 0 MpDu1 MDu2 MpDu3
0 0 0 Mpr1 Mpr2 Mpr3

- Mmper Mpu1 Mpr1 My 0 0
Mpe2 Mpu2 Mpro 0 Mo 0
Mpes Mpu3 Mprg 0 0 Ms /




e Motivation to the model with a massless

( 0 0 0 MDel MDe2 MDe3 \
0 0 0 Mpu1 Mpp2 Mpu3
0 0 0 mpr1 Mpro M3
M, = | | ,
Mmpe1 Mpu1 Mpr1 My 0 0
MDe2 MDu2 MDr2 0 Mo 0
Mpes MDu3 Mprz 0 0 M )

In order that all of the eigenvalues have non-zero values, in other
words, all neutrinos are massive, it is required that det mp+#0 .

Mpe1 Mpe2 Hlpe3
1881 Mpyu1 Mpp2 Mpy3
Ip-1 MMp<2 p-<3

If detmp = 0
we have at least one massless neutrino



proof i = ()40,

Assuming a non-zero eigenvector that corresponds to the zero

eigenvalue.
MUMJ 'E""[_) — OG

o
hpu+mpMv = 03 hp = m? mp
Mmbhu + (Hp + Mo = 03 Hp = mpmp

mpi n}f_j u+mpMv = 05
Mm bu+ (mhmih + M?2)v = 04

mhu+Mv = 0

-?'n.}[) u = —Mv
Mmbu+ (mbmbh + Mo = —M2v+ (mhm? + M?)v
= mhmpv
Lo 0y —
mpmpv = 0
v = 0
u = 0

a hypothesis with self-inconsistency



*If the rank of the matrix mo is 2,
we have just one massless neutrino.

*If the rank of the matrix mo is 1,
we have two massless neutrinos.

*If the rank of the matrix mois O, in effect, mo is a
zero matrix, we have three massless neutrinos.



Using the following unitary matrix, we can make M,
approximately a diagonal matrix.

7o K mpM ™"
/ — M~ 1-?715[( 1
Kt T K
UM = Moo = K m;)Mmgﬂ 0
0 M

We define the effective mass

L7

Meff = —MMpP 1 [-m. D




One can describe 3 X 3 matrix whose rank is 2 by
two independent column vectors and their
linear combination.

| e | | _ i'mp| = mp;
mp = (Mmpy Mpz Mmp3 ) mps| = Mo
:( mpi1 Mmp2 a-'mD1+me‘2) n |(1.-mD1+me‘)‘ = mp3

:( mpi1 Mpo )( 1 0 a )
- 0 1 b
mpy 0 0
=( w1 us us) 0 mpe 0

0 0 mps

L0 an mpy 0O 0
=(u; wuy) s 0 mpy 0
0 1 193 0 0

mps

|u|=lus|=laizug + azzus|=1



In general, we can triangulate any regular matrix with

the suitable unitary matrix.

| Ap11 0 0
A:";T‘IND — AD)l AD)) ()
Aps1 Apsz2 Apss

Applying this method to mp

e X e -
Vituy wy) = el f(ur u) €2 = W2
elT h ul—(ug*ul)u>
e =

( e )

It produces the simpler form.



by V to 2 X 2 components transformed matrix

0 0 0
VimeaV*=| 0 Zsy Zas
0 Zgﬁ Z.'H

— o9 = X1(1+ B3 ajs)cos?3
—Z53 = X1(1+ Ryzais)sin B cosBe™ + ajzassy/Riz Raosz X1 Xocos 3

—Z33 = Xi1(1+ Ryzais)sin? Be? + 2ay3a93v/ R13 Raz X1 Xasin Be?Y + Xo(1 + Raza3s)

i P
sin 3 = \/ 1 —| (T ws)l? _ M1 _ M
.- ‘( 1 2)| X, = M, Rz = M
cos B’ = (uy T us) ] )
XQ — D2 23 Vo
17\[2 M3




* The structure of MNSP-matrix

e Vunse =
1 0 0 1 0 0
-‘/’T-r X 0 cost sinfe!~®) g e 0
0 —sinfe'? cost 0 0 el
\ J
|

the matrix which diagonalize the 2 X 2 component.



Comparison between
the seesaw model with two right-
handed neutrinos and the model with
three right-handed neutrinos
* (3,2) model

three left-handed neutrinos with two right-handed
neutrinos

* (3,3)model + rank of my=2
A Common feature of two models A massless neutrino
e What about the other features ?

CP violation and neutrino-less double beta
decay, etc.



Dirac mass structure

(U1 Uz uz)=(Uyq uz)(

® Normalization; mp; = u;mp;
lu;| = 1(i = 1,2,3)
® Rank(mp) = 2 ; Linearly dependent

U3 =0A13Ut03U

* Convention; Im(u4)=0



Low energy effective mass for
three neutrinos

T T Meff=
lez
m, Y
1 0 aqg mpy?
u;, u

( 1 2) (O 1 azg) 0 M-

\ 0 0
e = (U Uy) (X1+a132X3 a13a23X3

, \ a13a23X3  Xp + a3°X;
X'= mpj
l

M;

0
0
musz

M3

\

/

) Gt

* Two limits M; — o, 0r a3, a,3 — 0 lead to the same

effective mass as (3,2) Model.



Two cases which lead to m
similar to (3,2) model.

P 913
1. (ay3,a33) = (€' 213, 0); (U1 Uz uz)=(u; uyp) (1 0 e 2 )
0 1 0

X, + Xze'?13 0 ) u,’
o = —(U u
mepy = —(ur up) (F1HX x) s

2. (ai3,az3) =(0,e"2 ); (U1 Uz U3z)=(U1 Up) (0 1 im)
e 2

X1 O ulT
° meff= _(ul uZ) ( O XZ + Xgei(ng) (uZT)



Mixing matrix and mass with
orthogonality assumption (u, " u{=0)

 MNSP
matrix ;Vynsp = (U2” X Uq™ Uz, uqg)P

0 0 0
* VMNS+ meffVMNSP* — P+ 0 _XZ 0 | P* =
0 0 _(Xl + X33“P13)

O O O A .a+T1T X .
(O m, O ),P = diag. (1,e'2,e" 2 ) ,tana = < +3x 5120‘213
0 0 ms 1TA3 P13

ms3 = \/Xlz + 2X1 X3COS P13 +X32 , Moy = Xz




Mixing Matrix

Vel Vez VeS
* Vunse= | Y1 Ve Vs
Vrl VTZ VT3

* (U" XuT Uy uy)=
u,u,z url — U uul Uez Ueq

Urp Uer — Uep Ugq Uyo  Uyq
k 3 b3 t 3
Uep Uyq1 —Uyp Upeqr Uz Uprg

( Our convention; Im. u,=0)



Tuning the Standard notation form of
MNSP to our convention

1213 . $12¢€13 ’ s13e” ™
U= | —sigco3 — 61252351362 €19€23 — 51252331355 $23C13
| 819893 —C€19003813e" —€19893 — 819093813 Cn3Cly |

x diag(1, EiE%L? Eé%ﬂ) .

Vunse= _ .
C12C13€" S12C13€" S$13
—812C23 —C12523513 €% C13C33 — $12523513€°  $53Cq3
$12523 — C12C23513€"°  —C12S523 — §12€23513€"®  C13Cq3

X diag.(1, el®21/2 eias1/2)



Determination of seesaw
parameters

ms3 = \/Xlz + 2X1 X3COS P13 +X32 , Moy = XZ

13
(u; Uz uz)=(uy u2)<1 0 e12>
0 1 0

513 512Cy3€
S23C13  C12C3 — S12523513€™
C23C13  —Cq2S23 — S12C23513€™

X3 sin @43
X1+X3 cos P13

fan =tana,a,1 = W, az31 = M+



Determination of seesaw parameters
from the observables

Mixings , 51,=0.55, ,5,3=0.71, , 5;3=0.15
(1,=0.83,,(,3=0.70, ,(C;3=0.99

Mass,

Normal hierarchy ;

m; = 0,m, = /A my,%=0.00867756(eV),
mz = /A my2 + A m3,% = 0.0501528(eV)




CP violation of neutrino oscillation
and neutrino-less double beta decay

e CP violation of neutrino oscillation
Hyy =)~ P, = 7) ] = I VARSI MNSHyMAG
AmbL Amdl Andl

=4l s— 1 n—= 1 §——
A 2 2

J = €12512€23523C13°S13 sin &

* Neutrino-less double beta decay

2 2
my + Vynses ms‘

i(a—ZS)‘

Imerr| = [Vunsez
= |S1ZZC132m2 + S13°mge
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Summary

 Three generation seesaw model with a massless
neutrino is studied.

* Condition realizing a massless neutrino
in the light neutrino mass spectrum
Rank(mp)=2
A common structure with (3,2) model giving rise
to a massless neutrino is pointed out.
* A specific case for myis numerically studied.
A correlation bet. J (CPV of oscillation) and
mee of neutrino-less double beta decay



