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1. Introduction



Axion in condensed matter physics

• Topological insulator

• Ferromagnetism / Antiferromagnetism

• Magnetoelectric effect

A hot topic and relates to 

• It may be used in particle axion detection
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FIG. 4. Axion parameter space. Vertical lines lines show the
projected sensitivity of our proposal using Fe doped Bi2Se3 at
⇠5T applied field for 102 s integration time with dark count
rate �d = 0.001 Hz. Staged designs are described in the text.
Gray shaded regions assume scanning 1 T  B0  10 T. The
KSVZ and DFSZ axion models are shown as the red band.
Existing exclusions from ADMX [17, 18], CAST [27], and su-
pernova 1987A [23] are shown as coloured regions.

given above and setting !+(k = 0) = ma we find
0.7 meV  ma  3.5 meV (the lower limit is approxi-
mately the B0 = 0 spin wave mass). Other materials
with di↵erent anisotropy field strengths can cover a wider
range of masses.

Sensitivity to g� is computed setting the signal to noise
ratio SNR = 3. We take the measurement time on a
single frequency ⌧ = 102 s. The full range can be scanned
in 6 months. The volume of any single, high quality,
sample of A-TI is limited to be less than 1 cm3 to achieve
homogeneous doping [93]. The sensitivity is shown in
Fig. 4 (stage-I).

Using N A-TI samples, either with a simple tiling and
use of lenses, or with coherent addition [34], the gain

in Ve↵ can increase linearly with N , with wide band re-
sponse [56]. With N = 100 (a feasible total number
for solid state synthesis [94]), the increased sensitivity is
shown in Fig. 4 (stage-II).

A further increase in Ve↵ can be achieved by surround-
ing the A-TI samples with a cavity with a volume, Vc.
Long wavelength modes of the cavity E-field can cou-
ple to high frequency AP modes resulting in a TM010

type [95] component to the AP, allowing Ve↵ ⇡ Vc even
with a small sample volume. In Fig. 4 (stage-III) we
show the sensitivity benefit of a Ve↵ = (0.1�dB)3 ⇡
2000(1 meV/ma)3 cm3. The same stage-III sensitivity
could be achieved if technology and investment allowed
for fabrication of a very large volume of A-TI.

In summary, we have shown that A-TIs can host
dynamical axionic quasiparticles which are resonantly
driven in the presence of DAs with mass of order 1
meV and emit THz photons which can be detected us-
ing an SPD, allowing A-TIs to detect dark matter. We
showed that antiferromagnetic Fe-doped Bi2Se3 satisfies
the three Wilczek criteria described earlier, and can be
used to realize a DA detector in the 0.7 to 3.5 meV range.
Fig. 4 shows the projected reach of three possible schemes
with di↵erent e↵ective volumes. Varying the applied B

field scans the resonant frequency, giving sensitivity to
axion dark matter in a parameter space inaccessible to
other methods. Future work on the material characteris-
tics (such as the anisotropy field strength) can allow for
a wider range of DA mass detection.
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Marsh et al. ’19Figure 1: Sensitivity of the magnon to the ALP DM in the ma vs. ga�� plane. The orange
(green) region corresponds to the sensitivity of the �-mode (↵-mode) with u~0 � v~0 = 10,
while the dot-dashed line in each region shows the sensitivity of the corresponding mode
with u~0 � v~0 = 1. We postulate the target volume V = (10 cm)3 and the magnetic field
scanned over 1T < B0 < 7T (1T < B0 < 10T) for the �-mode (↵-mode). For each step
of the scan, we use �t = 102 s for an observation, which requires ⇠ 1 yr for the whole scan.
See the text for more details of the material properties. Also shown as colored regions are
existing constraints, while the black solid (dashed) line shows the prediction for the KSVZ
(DFSZ) model.

for a single photon detector in the THz regime at the temperature T = 0.05K [52]. We
estimate the sensitivity by requiring the signal-to-noise ratio (SNR)

(SNR) ⌘ (dNsignal/dt)�tscanp
(dNnoise/dt)�tscan

, (5.18)

to be larger than 3 for each scan step.
In the figure, the orange and green regions correspond to the sensitivity using �- and

↵-modes, respectively, with u~0 � v~0 = 10, while the dot-dashed line in each region shows
the sensitivity of the corresponding mode with u~0 � v~0 = 1. The other colored regions
show existing constraints from the Light-Shining-through-Walls (LSW) experiments such as
the OSQAR [53] (yellow), the measurement of the vacuum magnetic birefringence at the
PVLAS [54] (pink), and the observation of the ALP flux from the sun using the helioscope
CAST [55] (blue). We also show the predictions of the KSVZ and DFSZ axion models with
black solid and dashed lines, respectively. We can see that the use of both ↵- and �-modes
gives a detectability over a broad mass range of 10�3–10�2 eV and the sensitivity may reach
both the KSVZ and DFSZ model predictions for some mass range. It is also notable that
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Proposals to detect axion/axion-like particles (ALPs)

Topological magnetic insulators are used
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Dynamical axion field in topological
magnetic insulators
Rundong Li1, JingWang1,2, Xiao-Liang Qi1 and Shou-Cheng Zhang1*
Axions are weakly interacting particles of low mass, and were postulated more than 30 years ago in the framework of the

Standard Model of particle physics. Their existence could explain the missing dark matter of the Universe. However, despite

intensive searches, axions have yet to be observed. Here we show that magnetic fluctuations of topological insulators couple

to the electromagnetic fields exactly like the axions, and propose several experiments to detect this dynamical axion field. In

particular, we show that the axion coupling enables a nonlinear modulation of the electromagnetic field, leading to attenuated

total reflection. We propose a new optical-modulator device based on this principle.

The electromagnetic response of a three-dimensional insulator
is described by Maxwell’s action S0 = (8/⇡)

R
d3xdt

(✏E2 � (1/µ)B2), with material-dependent dielectric con-
stant ✏ and magnetic permeability µ, where E and B are the
electromagnetic fields inside the insulator. However, generally,
it is possible to include another quadratic term in the effective
action S✓ = (✓/2⇡)(↵/2⇡)

R
d3xdtE·B, where ↵ = e

2/h̄c is the
fine-structure constant and ✓ is a parameter describing the insulator
in question. In the field theory literature, this effective action is
known as the axion electrodynamics1, where ✓ has the role of the
axion field. Under the periodic boundary condition, the partition
function and all physical quantities are invariant if ✓ is shifted
by integer multiples of 2⇡. Therefore, all time-reversal invariant
insulators fall into two distinct classes described by either ✓ = 0
or ✓ = ⇡ (ref. 2). Topological insulators are defined by ✓ = ⇡
and can be connected continuously to trivial insulators, defined
by ✓ = 0, only by time-reversal-breaking perturbations. The form
of the effective action implies that an electric field can induce
a magnetic polarization, whereas a magnetic field can induce
an electric polarization. This effect is known as the topological
magneto-electric effect and ✓ is related to the magneto-electric
polarizationP3 byP3 =✓/2⇡. Physically the parameter ✓ depends on
the band structure of the insulator and has amicroscopic expression
of themomentum-space Chern–Simons form2

✓ = 1
4⇡

Z
d3k✏ ijkTr


Ai@jAk + i

2
3
AiAjAk

�
(1)

where A
↵�
i
(k) = �ih↵k|@/@ki|�ki is the momentum-space non-

abelian gauge field and |↵ki is the periodic part of the Bloch
wavefunction of the ↵th band with indices ↵,� referring to the
occupied bands. The ✓ parameter has been calculated explicitly for
several basic models of topological insulators2,3. In a topological
insulator, the axion field gives rise to new physical effects
such as the image monopole and anyonic statistics4. This field,
however, is static in a time-reversal invariant topological insulator.
Here, we consider the antiferromagnetic long-range order in
a topological insulator, which breaks time-reversal symmetry
spontaneously, so that ✓ becomes a dynamical axion field taking
continuous values from 0 to 2⇡. In the following, we will
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refer to such an antiferromagnetic insulator as a ‘topological
magnetic insulator’ (TMI). We propose a minimal model in which
the antiferromagnetic order breaks the time-reversal symmetry
spontaneously and the magnetic fluctuations couple linearly to the
axion field, thus realizing the dynamic axion field in condensed-
matter systems. Compared with its high-energy version, the
axion proposed here has the advantage that it can be observed
in controlled experimental settings5. With an externally applied
magnetic field, the axion field couples linearly to light, resulting in
the axionic polariton. By measuring the attenuated total reflection
(ATR), the gap in the axionic polariton dispersion can be observed.
An attractive feature is that the axionic polariton gap is tunable by
changing the external electric or magnetic fields. The control of the
light transmission through thematerial enables a new type of optical
modulator. We also propose another experiment to detect the
dynamic axion bymicrocantilever torquemagnetometry, where the
double-frequency response of the cantilever is a unique signature of
the dynamic axion field.

We propose several materials that may realize the topological
magnetic insulator with dynamic axion field. One possibility is the
topological insulators Bi2Te3, Bi2Se3 and Sb2Te3 doped with 3d
transition metal elements such as Fe (refs 6, 7). Another possible
class of material is the 5d transition metal compound AxBOy with
B and A standing for a 5d transition metal and an alkali metal,
respectively. Electrons in the 5d orbital can have both strong
spin–orbital coupling and strong interaction, which is ideal for
the realization of the topological magnetic insulator8. We propose
that such a compound with the corundum structure may have
a topological magnetic insulator phase if the states close to the
Fermi level are formed by t2g orbitals with total angular momentum
Jeff = 1/2 (ref. 9). We also noticed two very recent works on 5d
transition metal compounds with the pyrochlore structure, which
may also realize the topologicalmagnetic insulator phase10,11.

Effectivemodel for the 3D topological insulator
Although all of the physical effects discussed in this article are
generic for any system supporting axionic excitation and do not
rely on a specific model, we would like to start from a simple
model for concreteness. We adopt the effective model proposed
in ref. 12 to describe topological insulators Bi2Te3, Bi2Se3 and
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Sb2Te3. The low-energy bands of these materials consist of a
bonding and an antibonding state of pz orbitals, labelled by
|P2�

z
," (#)i and |P1+

z
," (#)i, respectively. The generic form of the

effective Hamiltonian describing these four bands is obtained up to
quadratic order ofmomentum k in ref. 12. As a lattice regularization
is necessary for computing the axion field ✓ , here we start from a
lattice version of this model, with the Hamiltonian

H0(k)= ✏0(k)I4⇥4 +
5X

a=1

da(k)0a (2)

d1,2,...,5(k)= (A2 sinkx ,A2 sinky ,A1 sinkz ,M(k),0)

where ✏0(k) = C + 2D1 + 4D2 � 2D1 coskz � 2D2(coskx + cosky),
M(k) = M � 2B1 � 4B2 + 2B1 coskz + 2B2(coskx + cosky) and the
Dirac 0 matrices have the representation 0(1,2,3,4,5) = (�x ⌦ sx ,�x

⌦ sy ,�y ⌦ I2⇥2,�z ⌦ I2⇥2,�x ⌦ sz) in the basis of (|P1+
z
,"i,|P1+

z
,#i,

|P2�
z
, "i, |P2�

z
, #i).

P,T -breaking terms
The above Hamiltonian preserves both time-reversal symmetry T
and parity P . In the effectivemodel (2), the time-reversal and spatial
inversion transformation are defined as T = i(I2⇥2 ⌦ sy) · K (with
K being the complex conjugation operator) and P = �z ⌦ I2⇥2,
respectively. The axion field ✓ can be calculated by formula (1),
which gives 0 or ⇡ depending on the value of the parameters2,
as expected from time-reversal symmetry. Now we consider a
perturbation to the Hamiltonian (2) that can lead to deviation
of ✓ from 0 or ⇡. As ✓ is odd under time-reversal and parity
operation, only time-reversal- and parity-breaking perturbations
can induce a change of ✓ . By simple algebra, one can show
that to the leading order the T ,P-breaking perturbation must
have the form �H (k) = P

i=1,2,3,5 mi0
i. Thus, the perturbed

Hamiltonian can still be written as H (k) = P5
a=1 da(k)0

a with
da(k) = (A2 sinkx + m1,A2 sinky + m2,A1 sinkz + m3, M(k),m5).
For this model, equation (1) can be reduced to an explicit
expression for ✓ :

✓ = 1
4⇡

Z
d3k

2|d|+d4

(|d|+d4)2|d|3 ✏
ijkl
di@kx dj@ky dk@kz dl (3)

where i, j,k, l take values from 1,2,3,5 and |d| =
qP5

a=1dad
a.

More details about the derivation of this equation can be found
in the Methods section. Although there are four independent
parameters m1,2,3,5 in the T ,P-breaking term, only m5 leads to
a correction to ✓ to the linear order. Thus, in the following
we will take m1,2,3 = 0 without the loss of generality, and
leave only the m50

5 term. To see the physical meaning of the
m50

5 term, we change the basis to (|A,"i, |A,#i, |B,"i, |B,#i)
with |A, " (#)i = (1/

p
2)(|P1+

z
, " (#)i + |P2�

z
, " (#)i) and

|B," (#)i = (1/
p
2)(|P1+

z
," (#)i � |P2�

z
," (#)i). We see that

P|A," (#)i = |B," (#)i. Physically, |A," (#)i and |B," (#)i stand
for states of the two lattice sites in each unit cell, for example,
the two Bi atom sites in Bi2Te3, which are shifted away from
the inversion centre along the z direction. By transforming 05 to
the new basis, we see that it represents a staggered Zeeman field
that points in the +z(�z) direction on the A(B) sublattice. This
staggered Zeeman field can be generated by an antiferromagnetic
order, where electron spins point along opposite z directions on
two sublattices, as shown in Fig. 1.Without the05 term, topological
insulators have protected surface states consisting of an odd number
of massless Dirac cones. With broken time-reversal symmetry, a
direct consequence of the m50

5 term is that it opens a gap in
the surface-state spectrum. The surface-state gap is equal to m5,
independent of the orientation of the surface.
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Figure 1 | Crystal structure of Bi(Fe)2Se3. Crystal structure of Bi(Fe)2Se3

with three primitive lattice vectors denoted as t1,2,3. A quintuple layer with

Se1–Bi(Fe)1–Se2–Bi(Fe) 1
0
–Se1

0
is indicated in the orange rectangle. The

spin-ordering configuration giving rise to the 05 mass is indicated by the

black arrow, which is antiferromagnetic along the z direction and

ferromagnetic within the xy plane.

Dynamical axion in the antiferromagnetic phase
We have seen above that the axion field ✓ can deviate from
0 or ⇡ if the electrons are coupled to the antiferromagnetic
order parameter. Such a staggered field can be induced if an
antiferromagnetic long-range order is established in the system.
Physically, an antiferromagnetic ordered phase can be obtained
naturally if the screened Coulomb interaction of electrons becomes
strong. For example, in the Bi2Te3 family doped with magnetic
impurities such as Fe, the substitution of p electrons of Bi or Te by
d electrons of the magnetic impurities effectively enhanced the on-
site repulsion of electrons. In the basis (|A,"i,|A,#i,|B,"i,|B,#i)
the Hamiltonian with interaction can be written as

H =H0 +U

X

i

(niA"niA# +niB"niB#)+V

X

i

niAniB

in which the first term is the kinetic energy given by equation (2)
and the other two terms represent the on-site repulsion U and
the inter-site repulsion V between A and B sites. Possible ordered
phases resulting from the interaction include the ferromagnetic
phase where the spins on two sublattices A and B point in the
same direction, the antiferromagnetic phase where the spins on
two sublattices point in the opposite direction and the charge-
density wave. Correspondingly the order parameters are taken as
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Figure 2 |Axionic polariton and ATR experiment. a, The dispersion of the axionic polariton. The grey area indicates the forbidden band between

frequencies m and
p

m2 +b2 (see text), within which light cannot propagate in the sample. The red dotted line shows the bare photon dispersion ! = c0k.

b, Set-up for the ATR experiment. Without an external magnetic field, the incident light can transmit through the sample. c, When an external magnetic

field is applied parallel to the electric field of light, the incident light will be totally reflected if its frequency lies within the forbidden band.

the ferromagnetic order parameter M+ = 1/2(hSiAi + hSiBi), the
antiferromagnetic order parameter M� = 1/2(hSiAi � hSiBi) and
the charge-density-wave order parameter ⇢ = 1/2(hniAi � hniBi).
It is assumed that translational symmetry is preserved and all
of the order parameters are uniform in space. In the mean-
field approximation, we find that for a wide range of values for
band structure parameters M , A1,2 and B1,2, the system develops
antiferromagnetic order pointing in the z direction M� = M

�
0 ẑ

if the effect of U dominates that of V , which thus leads to
m5 =�(2/3)UM�

z
and axion field ✓ 6=0,⇡.

Axion electrodynamics
In the mean-field approximation, the antiferromagnetic phase has
a static axion field ✓ . However, the antiferromagnetic phase also has
amplitude and spin-wave excitations, which can induce fluctuations
of the axion field. The fluctuation of the Néel vectorM� can be gen-
erally written asM� = (M�

0 +�Mz(x,t ))ẑ+�Mx(x,t )x̂+�My(x,t )ŷ.
To the linear order, it can be shown from symmetry anal-
ysis that the fluctuation of the axion field depends only on
�Mz , because ✓ is a pseudo-scalar. In other words, we have
�✓(x, t ) = �m5(x, t )/g = �(2/3)U �Mz(x, t )/g , where the coeffi-
cient g can be determined from equation (3). The dispersion of the
amplitude mode �Mz(x,t ) can be obtained in the standard random
phase approximation, leading to a massive axion field �✓(x, t ).
Considering the coupling term ✓E·B of the axion with the elec-
tromagnetic field, the effective action describing the axion–photon
coupled system is given by

Stot = SMaxwell + Stopo + Saxion

= 1
8⇡

Z
d3xdt

✓
✏E2 � 1

µ
B2

◆
+ ↵

4⇡2

Z
d3xdt (✓0 +�✓)E ·B

+ g
2
J

Z
d3xdt [(@t�✓)2 � (vi@i�✓)2 �m

2�✓ 2] (4)

where J ,vi and m are the stiffness, velocity and mass of the
spin-wavemode �Mz , E andB are the electric field and themagnetic
field respectively and ✏ and µ are the dielectric constant and
magnetic permeability respectively. The second term describes the
topological coupling between the axion and the electromagnetic
field, with ↵ ⌘ e

2/h̄c being the fine-structure constant. The third
termdescribes the dynamics of themassive axion.Within themodel
we have adopted, the parameters J andm are given by

J =
Z

d3k
(2⇡)3

di(k)di(k)
16|d|5 , Jm

2 =
✓
2
3
UM

�
z

◆2Z d3k
(2⇡)3

1
4|d|3

where |d| =
pP5

a=1dad
a and the repeated index indicates summa-

tion with i= 1,2,3,4.

The axionic polariton
The dynamic axion field ✓ couples nonlinearly to the external
electromagnetic field combination E·B. When there is an externally
applied static and uniform magnetic field B0 parallel to the electric
field E of the photon, ✓ will couple linearly to E (ref. 13). In
condensed-matter systems, when a collective mode is coupled
linearly to photons, hybridized propagatingmodes called polaritons
emerge14. The polaritons can be coupled modes of optical phonons
and light through the electric dipole interaction, or coupled modes
of magnons and light through the magnetic dipole interaction.
Here we propose a new type of polariton—the axionic polariton,
which is the coupled mode of light and the axionic mode of an
antiferromagnet. The dispersion of the axionic polariton can be
obtained from the effective action (4), which leads to the following
linearized equation of motion15,16

@2

@t 2
E� c

02r2E+ ↵B0

⇡✏

@2

@t 2
�✓ = 0

@2

@t 2
�✓ �v

2r2�✓ +m
2
0�✓ � ↵B0

8⇡2g 2J
E= 0

where c
0 is the speed of light in the media and ✏ is the dielectric

constant. Compared with the photon, the dispersion of the axion
can be neglected, in which case the axionic polaritons have
the dispersion

!2
±(k) = 1

2

h
(c 02

k
2 +m

2 +b
2)

±
p
(c 02k2 +m2 +b2)2 �4c 02k2m2

i
(5)

with b
2 = ↵2B0

2/8⇡3✏g 2
J . As shown in Fig. 2a, this dispersion

spectrum consists of two branches separated by a gap between
m and

p
m2 +b2. The quantity b measures the coupling strength

between the axion field and the electric field and is proportional to
the external magnetic field B0. On turning on B0, the axionic mode
at k = 0 changes its frequency from m to

p
m2 +b2, owing to the

linear mixing between the axion and the photon field. Physically,
the axionic polariton is very similar to the transverse optical phonon
polariton, because the axion also leads to an extra contribution to
the charge polarization owing to the topological magneto-electric
effect2, P = ↵✓B0/⇡+ ✏E. The optical phonon polariton has the
same dispersion as equation (5), with the parameter b replaced by
the lattice unscreened plasmon frequency !p = p

4⇡ne⇤2/m⇤. The
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Bi2Se3
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Topological insulator

Axion mass ~

✓Fµ⌫ F̃
µ⌫
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FIG. 4. Axion parameter space. Vertical lines lines show the
projected sensitivity of our proposal using Fe doped Bi2Se3 at
⇠5T applied field for 102 s integration time with dark count
rate �d = 0.001 Hz. Staged designs are described in the text.
Gray shaded regions assume scanning 1 T  B0  10 T. The
KSVZ and DFSZ axion models are shown as the red band.
Existing exclusions from ADMX [17, 18], CAST [27], and su-
pernova 1987A [23] are shown as coloured regions.

given above and setting !+(k = 0) = ma we find
0.7 meV  ma  3.5 meV (the lower limit is approxi-
mately the B0 = 0 spin wave mass). Other materials
with di↵erent anisotropy field strengths can cover a wider
range of masses.

Sensitivity to g� is computed setting the signal to noise
ratio SNR = 3. We take the measurement time on a
single frequency ⌧ = 102 s. The full range can be scanned
in 6 months. The volume of any single, high quality,
sample of A-TI is limited to be less than 1 cm3 to achieve
homogeneous doping [93]. The sensitivity is shown in
Fig. 4 (stage-I).

Using N A-TI samples, either with a simple tiling and
use of lenses, or with coherent addition [34], the gain

in Ve↵ can increase linearly with N , with wide band re-
sponse [56]. With N = 100 (a feasible total number
for solid state synthesis [94]), the increased sensitivity is
shown in Fig. 4 (stage-II).

A further increase in Ve↵ can be achieved by surround-
ing the A-TI samples with a cavity with a volume, Vc.
Long wavelength modes of the cavity E-field can cou-
ple to high frequency AP modes resulting in a TM010

type [95] component to the AP, allowing Ve↵ ⇡ Vc even
with a small sample volume. In Fig. 4 (stage-III) we
show the sensitivity benefit of a Ve↵ = (0.1�dB)3 ⇡
2000(1 meV/ma)3 cm3. The same stage-III sensitivity
could be achieved if technology and investment allowed
for fabrication of a very large volume of A-TI.

In summary, we have shown that A-TIs can host
dynamical axionic quasiparticles which are resonantly
driven in the presence of DAs with mass of order 1
meV and emit THz photons which can be detected us-
ing an SPD, allowing A-TIs to detect dark matter. We
showed that antiferromagnetic Fe-doped Bi2Se3 satisfies
the three Wilczek criteria described earlier, and can be
used to realize a DA detector in the 0.7 to 3.5 meV range.
Fig. 4 shows the projected reach of three possible schemes
with di↵erent e↵ective volumes. Varying the applied B

field scans the resonant frequency, giving sensitivity to
axion dark matter in a parameter space inaccessible to
other methods. Future work on the material characteris-
tics (such as the anisotropy field strength) can allow for
a wider range of DA mass detection.
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Dynamical axion field in topological
magnetic insulators
Rundong Li1, JingWang1,2, Xiao-Liang Qi1 and Shou-Cheng Zhang1*
Axions are weakly interacting particles of low mass, and were postulated more than 30 years ago in the framework of the

Standard Model of particle physics. Their existence could explain the missing dark matter of the Universe. However, despite

intensive searches, axions have yet to be observed. Here we show that magnetic fluctuations of topological insulators couple

to the electromagnetic fields exactly like the axions, and propose several experiments to detect this dynamical axion field. In

particular, we show that the axion coupling enables a nonlinear modulation of the electromagnetic field, leading to attenuated

total reflection. We propose a new optical-modulator device based on this principle.

The electromagnetic response of a three-dimensional insulator
is described by Maxwell’s action S0 = (8/⇡)

R
d3xdt

(✏E2 � (1/µ)B2), with material-dependent dielectric con-
stant ✏ and magnetic permeability µ, where E and B are the
electromagnetic fields inside the insulator. However, generally,
it is possible to include another quadratic term in the effective
action S✓ = (✓/2⇡)(↵/2⇡)

R
d3xdtE·B, where ↵ = e

2/h̄c is the
fine-structure constant and ✓ is a parameter describing the insulator
in question. In the field theory literature, this effective action is
known as the axion electrodynamics1, where ✓ has the role of the
axion field. Under the periodic boundary condition, the partition
function and all physical quantities are invariant if ✓ is shifted
by integer multiples of 2⇡. Therefore, all time-reversal invariant
insulators fall into two distinct classes described by either ✓ = 0
or ✓ = ⇡ (ref. 2). Topological insulators are defined by ✓ = ⇡
and can be connected continuously to trivial insulators, defined
by ✓ = 0, only by time-reversal-breaking perturbations. The form
of the effective action implies that an electric field can induce
a magnetic polarization, whereas a magnetic field can induce
an electric polarization. This effect is known as the topological
magneto-electric effect and ✓ is related to the magneto-electric
polarizationP3 byP3 =✓/2⇡. Physically the parameter ✓ depends on
the band structure of the insulator and has amicroscopic expression
of themomentum-space Chern–Simons form2

✓ = 1
4⇡

Z
d3k✏ ijkTr


Ai@jAk + i

2
3
AiAjAk

�
(1)

where A
↵�
i
(k) = �ih↵k|@/@ki|�ki is the momentum-space non-

abelian gauge field and |↵ki is the periodic part of the Bloch
wavefunction of the ↵th band with indices ↵,� referring to the
occupied bands. The ✓ parameter has been calculated explicitly for
several basic models of topological insulators2,3. In a topological
insulator, the axion field gives rise to new physical effects
such as the image monopole and anyonic statistics4. This field,
however, is static in a time-reversal invariant topological insulator.
Here, we consider the antiferromagnetic long-range order in
a topological insulator, which breaks time-reversal symmetry
spontaneously, so that ✓ becomes a dynamical axion field taking
continuous values from 0 to 2⇡. In the following, we will

1
Department of Physics, McCullough Building, Stanford University, Stanford, California 94305-4045, USA,

2
Department of Physics, Tsinghua University,

Beijing 100084, China. *e-mail: sczhang@stanford.edu.

refer to such an antiferromagnetic insulator as a ‘topological
magnetic insulator’ (TMI). We propose a minimal model in which
the antiferromagnetic order breaks the time-reversal symmetry
spontaneously and the magnetic fluctuations couple linearly to the
axion field, thus realizing the dynamic axion field in condensed-
matter systems. Compared with its high-energy version, the
axion proposed here has the advantage that it can be observed
in controlled experimental settings5. With an externally applied
magnetic field, the axion field couples linearly to light, resulting in
the axionic polariton. By measuring the attenuated total reflection
(ATR), the gap in the axionic polariton dispersion can be observed.
An attractive feature is that the axionic polariton gap is tunable by
changing the external electric or magnetic fields. The control of the
light transmission through thematerial enables a new type of optical
modulator. We also propose another experiment to detect the
dynamic axion bymicrocantilever torquemagnetometry, where the
double-frequency response of the cantilever is a unique signature of
the dynamic axion field.

We propose several materials that may realize the topological
magnetic insulator with dynamic axion field. One possibility is the
topological insulators Bi2Te3, Bi2Se3 and Sb2Te3 doped with 3d
transition metal elements such as Fe (refs 6, 7). Another possible
class of material is the 5d transition metal compound AxBOy with
B and A standing for a 5d transition metal and an alkali metal,
respectively. Electrons in the 5d orbital can have both strong
spin–orbital coupling and strong interaction, which is ideal for
the realization of the topological magnetic insulator8. We propose
that such a compound with the corundum structure may have
a topological magnetic insulator phase if the states close to the
Fermi level are formed by t2g orbitals with total angular momentum
Jeff = 1/2 (ref. 9). We also noticed two very recent works on 5d
transition metal compounds with the pyrochlore structure, which
may also realize the topologicalmagnetic insulator phase10,11.

Effectivemodel for the 3D topological insulator
Although all of the physical effects discussed in this article are
generic for any system supporting axionic excitation and do not
rely on a specific model, we would like to start from a simple
model for concreteness. We adopt the effective model proposed
in ref. 12 to describe topological insulators Bi2Te3, Bi2Se3 and
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Sb2Te3. The low-energy bands of these materials consist of a
bonding and an antibonding state of pz orbitals, labelled by
|P2�

z
," (#)i and |P1+

z
," (#)i, respectively. The generic form of the

effective Hamiltonian describing these four bands is obtained up to
quadratic order ofmomentum k in ref. 12. As a lattice regularization
is necessary for computing the axion field ✓ , here we start from a
lattice version of this model, with the Hamiltonian

H0(k)= ✏0(k)I4⇥4 +
5X

a=1

da(k)0a (2)

d1,2,...,5(k)= (A2 sinkx ,A2 sinky ,A1 sinkz ,M(k),0)

where ✏0(k) = C + 2D1 + 4D2 � 2D1 coskz � 2D2(coskx + cosky),
M(k) = M � 2B1 � 4B2 + 2B1 coskz + 2B2(coskx + cosky) and the
Dirac 0 matrices have the representation 0(1,2,3,4,5) = (�x ⌦ sx ,�x

⌦ sy ,�y ⌦ I2⇥2,�z ⌦ I2⇥2,�x ⌦ sz) in the basis of (|P1+
z
,"i,|P1+

z
,#i,

|P2�
z
, "i, |P2�

z
, #i).

P,T -breaking terms
The above Hamiltonian preserves both time-reversal symmetry T
and parity P . In the effectivemodel (2), the time-reversal and spatial
inversion transformation are defined as T = i(I2⇥2 ⌦ sy) · K (with
K being the complex conjugation operator) and P = �z ⌦ I2⇥2,
respectively. The axion field ✓ can be calculated by formula (1),
which gives 0 or ⇡ depending on the value of the parameters2,
as expected from time-reversal symmetry. Now we consider a
perturbation to the Hamiltonian (2) that can lead to deviation
of ✓ from 0 or ⇡. As ✓ is odd under time-reversal and parity
operation, only time-reversal- and parity-breaking perturbations
can induce a change of ✓ . By simple algebra, one can show
that to the leading order the T ,P-breaking perturbation must
have the form �H (k) = P

i=1,2,3,5 mi0
i. Thus, the perturbed

Hamiltonian can still be written as H (k) = P5
a=1 da(k)0

a with
da(k) = (A2 sinkx + m1,A2 sinky + m2,A1 sinkz + m3, M(k),m5).
For this model, equation (1) can be reduced to an explicit
expression for ✓ :

✓ = 1
4⇡

Z
d3k

2|d|+d4

(|d|+d4)2|d|3 ✏
ijkl
di@kx dj@ky dk@kz dl (3)

where i, j,k, l take values from 1,2,3,5 and |d| =
qP5

a=1dad
a.

More details about the derivation of this equation can be found
in the Methods section. Although there are four independent
parameters m1,2,3,5 in the T ,P-breaking term, only m5 leads to
a correction to ✓ to the linear order. Thus, in the following
we will take m1,2,3 = 0 without the loss of generality, and
leave only the m50

5 term. To see the physical meaning of the
m50

5 term, we change the basis to (|A,"i, |A,#i, |B,"i, |B,#i)
with |A, " (#)i = (1/

p
2)(|P1+

z
, " (#)i + |P2�

z
, " (#)i) and

|B," (#)i = (1/
p
2)(|P1+

z
," (#)i � |P2�

z
," (#)i). We see that

P|A," (#)i = |B," (#)i. Physically, |A," (#)i and |B," (#)i stand
for states of the two lattice sites in each unit cell, for example,
the two Bi atom sites in Bi2Te3, which are shifted away from
the inversion centre along the z direction. By transforming 05 to
the new basis, we see that it represents a staggered Zeeman field
that points in the +z(�z) direction on the A(B) sublattice. This
staggered Zeeman field can be generated by an antiferromagnetic
order, where electron spins point along opposite z directions on
two sublattices, as shown in Fig. 1.Without the05 term, topological
insulators have protected surface states consisting of an odd number
of massless Dirac cones. With broken time-reversal symmetry, a
direct consequence of the m50

5 term is that it opens a gap in
the surface-state spectrum. The surface-state gap is equal to m5,
independent of the orientation of the surface.
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Figure 1 | Crystal structure of Bi(Fe)2Se3. Crystal structure of Bi(Fe)2Se3

with three primitive lattice vectors denoted as t1,2,3. A quintuple layer with

Se1–Bi(Fe)1–Se2–Bi(Fe) 1
0
–Se1

0
is indicated in the orange rectangle. The

spin-ordering configuration giving rise to the 05 mass is indicated by the

black arrow, which is antiferromagnetic along the z direction and

ferromagnetic within the xy plane.

Dynamical axion in the antiferromagnetic phase
We have seen above that the axion field ✓ can deviate from
0 or ⇡ if the electrons are coupled to the antiferromagnetic
order parameter. Such a staggered field can be induced if an
antiferromagnetic long-range order is established in the system.
Physically, an antiferromagnetic ordered phase can be obtained
naturally if the screened Coulomb interaction of electrons becomes
strong. For example, in the Bi2Te3 family doped with magnetic
impurities such as Fe, the substitution of p electrons of Bi or Te by
d electrons of the magnetic impurities effectively enhanced the on-
site repulsion of electrons. In the basis (|A,"i,|A,#i,|B,"i,|B,#i)
the Hamiltonian with interaction can be written as

H =H0 +U

X

i

(niA"niA# +niB"niB#)+V

X

i

niAniB

in which the first term is the kinetic energy given by equation (2)
and the other two terms represent the on-site repulsion U and
the inter-site repulsion V between A and B sites. Possible ordered
phases resulting from the interaction include the ferromagnetic
phase where the spins on two sublattices A and B point in the
same direction, the antiferromagnetic phase where the spins on
two sublattices point in the opposite direction and the charge-
density wave. Correspondingly the order parameters are taken as
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Topological insulators in Bi2Se3, Bi2Te3 and Sb2Te3
with a single Dirac cone on the surface
Haijun Zhang1, Chao-Xing Liu2, Xiao-Liang Qi3, Xi Dai1, Zhong Fang1 and Shou-Cheng Zhang3*
Topological insulators are new states of quantum matter in which surface states residing in the bulk insulating gap of such
systems are protected by time-reversal symmetry. The study of such states was originally inspired by the robustness to
scattering of conducting edge states in quantum Hall systems. Recently, such analogies have resulted in the discovery of
topologically protected states in two-dimensional and three-dimensional band insulators with large spin–orbit coupling. So
far, the only known three-dimensional topological insulator is BixSb1−x, which is an alloy with complex surface states. Here, we
present the results of first-principles electronic structure calculations of the layered, stoichiometric crystals Sb2Te3, Sb2Se3,
Bi2Te3 and Bi2Se3. Our calculations predict that Sb2Te3, Bi2Te3 and Bi2Se3 are topological insulators, whereas Sb2Se3 is not.
These topological insulators have robust and simple surface states consisting of a single Dirac cone at the ! point. In addition,
we predict that Bi2Se3 has a topologically non-trivial energy gap of 0.3 eV, which is larger than the energy scale of room
temperature. We further present a simple and unified continuum model that captures the salient topological features of this
class of materials.

Recently, the subject of time-reversal-invariant topological
insulators has attracted great attention in condensed-matter
physics1–12. Topological insulators in two or three dimensions

have insulating energy gaps in the bulk, and gapless edge or
surface states on the sample boundary that are protected by
time-reversal symmetry. The surface states of a three-dimensional
(3D) topological insulator consist of an odd number of massless
Dirac cones, with a single Dirac cone being the simplest case.
The existence of an odd number of massless Dirac cones on the
surface is ensured by the Z2 topological invariant7–9 of the bulk.
Furthermore, owing to the Kramers theorem, no time-reversal-
invariant perturbation can open up an insulating gap at the Dirac
point on the surface. However, a topological insulator can become
fully insulating both in the bulk and on the surface if a time-
reversal-breaking perturbation is introduced on the surface. In
this case, the electromagnetic response of three-dimensional (3D)
topological insulators is described by the topological θ term of
the form Sθ = (θ/2π)(α/2π)

∫
d3x dt E ·B, where E and B are

the conventional electromagnetic fields and α is the fine-structure
constant10. θ = 0 describes a conventional insulator, whereas θ =π
describes topological insulators. Such a physically measurable and
topologically non-trivial response originates from the odd number
of Dirac fermions on the surface of a topological insulator.

Soon after the theoretical prediction5, the 2D topological
insulator exhibiting the quantum spin Hall effect was experimen-
tally observed in HgTe quantum wells6. The electronic states of the
2D HgTe quantum wells are well described by a 2+1-dimensional
Dirac equation where the mass term is continuously tunable by
the thickness of the quantum well. Beyond a critical thickness,
the Dirac mass term of the 2D quantum well changes sign from
being positive to negative, and a pair of gapless helical edge states
appears inside the bulk energy gap. This microscopic mechanism
for obtaining topological insulators by inverting the bulk Dirac
gap spectrum can also be generalized to other 2D and 3D sys-
tems. The guiding principle is to search for insulators where the
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Figure 1 | Crystal structure. a, Crystal structure of Bi2Se3 with three
primitive lattice vectors denoted as t1,2,3. A quintuple layer with
Se1–Bi1–Se2–Bi1′–Se1′ is indicated by the red square. b, Top view along
the z-direction. The triangle lattice in one quintuple layer has three different
positions, denoted as A, B and C. c, Side view of the quintuple layer
structure. Along the z-direction, the stacking order of Se and Bi atomic
layers is ···–C(Se1′)–A(Se1)–B(Bi1)–C(Se2)–A(Bi1′)–B(Se1′)–C(Se1)–···.
The Se1 (Bi1) layer can be related to the Se1′ (Bi1′) layer by an inversion
operation in which the Se2 atoms have the role of inversion centres.

conduction and the valence bands have the opposite parity, and
a ‘band inversion’ occurs when the strength of some parameter,
say the spin–orbit coupling (SOC), is tuned. For systems with
inversion symmetry, a method based on the parity eigenvalues of
band states at time-reversal-invariant points can be applied13. On
the basis of this analysis, the BixSb1−x alloy has been predicted
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Figure 3 | Band sequence. a, Schematic diagram of the evolution from the atomic px,y,z orbitals of Bi and Se into the conduction and valence bands of
Bi2Se3 at the ! point. The three different stages (I), (II) and (III) represent the effect of turning on chemical bonding, crystal-field splitting and SOC,
respectively (see text). The blue dashed line represents the Fermi energy. b, The energy levels |P1+z 〉 and |P2−

z 〉 of Bi2Se3 at the ! point versus an artificially
rescaled atomic SOC λ(Bi)= xλ0(Bi)= 1.25x eV,λ(Se)= xλ0(Se)=0.22x eV (see text). A level crossing occurs between these two states at x= xc #0.6.

Ab initio calculations for Sb2Te3, Sb2Se3, Bi2Te3 and Bi2Se3 are
carried out in the framework of the Perdew–Burke–Ernzerhof-
type14 generalized gradient approximation of the density functional
theory. The BSTATE package15 with the plane-wave pseudo-
potential method is used with a k-point grid taken as 10×10×10
and the kinetic energy cutoff fixed to 340 eV. For Sb2Te3, Bi2Te3
and Bi2Se3, the lattice constants are chosen from experiments,
whereas for Sb2Se3, the lattice parameters are optimized in
the self-consistent calculation for rhombohedral crystal structure
(a=4.076Å, c=29.830Å), owing to the lack of experimental data.

Our results are consistent with the previous calculations16,17. In
particular, we note that Bi2Se3 has an energy gap of about 0.3 eV,
which agrees well with the experimental data (about 0.2–0.3 eV;
refs 18, 19). In the following, we take the band structure of Bi2Se3
as an example. Figure 2a and b show the band structure of Bi2Se3
without and with SOC, respectively. By comparing the two figure
parts, one can see clearly that the only qualitative change induced
by turning on SOC is an anti-crossing feature around the ! point,
which thus indicates an inversion between the conduction band
and valence band due to SOC effects, suggesting that Bi2Se3 is a
topological insulator. To firmly establish the topological nature
of this material, we follow the method proposed by Fu and
Kane13. Thus, we calculate the product of the parities of the Bloch
wavefunction for the occupied bands at all time-reversal-invariant
momenta !,F ,L,Z in the Brillouin zone. As expected, we find
that at the ! point, the parity of one occupied band is changed
on turning on SOC, whereas the parity remains unchanged for
all occupied bands at the other momenta F ,L,Z . As the system
without SOC is guaranteed to be a trivial insulator, we conclude
that Bi2Se3 is a strong topological insulator. The same calculation
is carried out for the other three materials, from which we find that
Sb2Te3 and Bi2Te3 are also strong topological insulators, and Sb2Se3
is a trivial insulator. The parity eigenvalues of the highest 14 bands
below the Fermi level and the first conduction band at the ! point
are listed in Fig. 2d. From this table we can see that the product
of parities of occupied bands at the ! point changes from the
trivial material Sb2Se3 to the three non-trivial materials, owing to an
exchange of the highest occupied state and the lowest unoccupied
state. This agrees with our earlier analysis that an inversion between
the conduction band and valence band occurs at the! point.

To get a better understanding of the inversion and the parity
exchange, we start from the atomic energy levels and consider the
effect of crystal-field splitting and SOC on the energy eigenvalues

at the ! point. This is summarized schematically in three stages
(I), (II) and (III) in Fig. 3a. As the states near the Fermi surface
are mainly coming from p orbitals, we will neglect the effect of s
orbitals and start from the atomic p orbitals of Bi (6s26p3) and Se
(4s24p4). In stage (I), we consider the chemical bonding between Bi
and Se atoms within a quintuple layer, which is the largest energy
scale in the current problem. First we can recombine the orbitals
in a single unit cell according to their parity, which results in three
states (two odd, one even) from each Se p orbital and two states
(one odd, one even) from each Bi p orbital. The formation of
chemical bonding hybridizes the states on Bi and Se atoms, thus
pushing down all of the Se states and lifting up all of the Bi states. In
Fig. 3a, these five hybridized states are labelled as |P1±x,y,z 〉, |P2±x,y,z 〉
and |P0−

x,y,z 〉, where the superscripts +,− stand for the parity of
the corresponding states. In stage (II), we consider the effect of
the crystal-field splitting between different p orbitals. According
to the point-group symmetry, the pz orbital is split from the px
and py orbitals whereas the last two remain degenerate. After this
splitting, the energy levels closest to the Fermi energy turn out to
be the pz levels |P1+z 〉 and |P2−

z 〉. In the last stage (III), we take
into account the effect of SOC. The atomic SOC Hamiltonian is
given by Hso = λl ·S, with l,S being the orbital and spin angular
momentum, and λ is the SOC parameter. The SOC Hamiltonian
mixes spin and orbital angular momenta while preserving the total
angular momentum, which thus leads to a level repulsion between
|P1+z ,↑〉 and |P1+x+iy ,↓〉, and similar combinations. Consequently,
the |P1+z ,↑ (↓)〉 state is pushed down by the SOC effect and the
|P2−

z ,↑ (↓)〉 state is pushed up. If the SOC is large enough (λ>λc),
the order of these two levels is reversed. To see this inversion process
explicitly, we also calculate the energy levels |P1+z 〉 and |P2−

z 〉 for
a model Hamiltonian of Bi2Se3 with artificially rescaled atomic
SOC parameters λ(Bi) = xλ0(Bi), λ(Se) = xλ0(Se), as shown in
Fig. 3b. Here, λ0(Bi)=1.25 eV and λ0(Se)=0.22 eV are the realistic
values of Bi and Se atomic SOC parameters, respectively20. From
Fig. 3b, one can see clearly that a level crossing occurs between |P1+z 〉
and |P2−

z 〉 when the SOC is about 60% of the realistic value. As
these two levels have opposite parity, the inversion between them
drives the system into a topological insulator phase. Therefore,
the mechanism for the 3D topological insulator in this system is
exactly analogous to the mechanism in the 2D topological insulator
HgTe. In summary, through the analysis above we find that Bi2Se3
is topologically non-trivial due to the inversion between two pz
orbitals with opposite parity at the ! point. Similar analyses can
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Topological insulators in Bi2Se3, Bi2Te3 and Sb2Te3
with a single Dirac cone on the surface
Haijun Zhang1, Chao-Xing Liu2, Xiao-Liang Qi3, Xi Dai1, Zhong Fang1 and Shou-Cheng Zhang3*
Topological insulators are new states of quantum matter in which surface states residing in the bulk insulating gap of such
systems are protected by time-reversal symmetry. The study of such states was originally inspired by the robustness to
scattering of conducting edge states in quantum Hall systems. Recently, such analogies have resulted in the discovery of
topologically protected states in two-dimensional and three-dimensional band insulators with large spin–orbit coupling. So
far, the only known three-dimensional topological insulator is BixSb1−x, which is an alloy with complex surface states. Here, we
present the results of first-principles electronic structure calculations of the layered, stoichiometric crystals Sb2Te3, Sb2Se3,
Bi2Te3 and Bi2Se3. Our calculations predict that Sb2Te3, Bi2Te3 and Bi2Se3 are topological insulators, whereas Sb2Se3 is not.
These topological insulators have robust and simple surface states consisting of a single Dirac cone at the ! point. In addition,
we predict that Bi2Se3 has a topologically non-trivial energy gap of 0.3 eV, which is larger than the energy scale of room
temperature. We further present a simple and unified continuum model that captures the salient topological features of this
class of materials.

Recently, the subject of time-reversal-invariant topological
insulators has attracted great attention in condensed-matter
physics1–12. Topological insulators in two or three dimensions

have insulating energy gaps in the bulk, and gapless edge or
surface states on the sample boundary that are protected by
time-reversal symmetry. The surface states of a three-dimensional
(3D) topological insulator consist of an odd number of massless
Dirac cones, with a single Dirac cone being the simplest case.
The existence of an odd number of massless Dirac cones on the
surface is ensured by the Z2 topological invariant7–9 of the bulk.
Furthermore, owing to the Kramers theorem, no time-reversal-
invariant perturbation can open up an insulating gap at the Dirac
point on the surface. However, a topological insulator can become
fully insulating both in the bulk and on the surface if a time-
reversal-breaking perturbation is introduced on the surface. In
this case, the electromagnetic response of three-dimensional (3D)
topological insulators is described by the topological θ term of
the form Sθ = (θ/2π)(α/2π)

∫
d3x dt E ·B, where E and B are

the conventional electromagnetic fields and α is the fine-structure
constant10. θ = 0 describes a conventional insulator, whereas θ =π
describes topological insulators. Such a physically measurable and
topologically non-trivial response originates from the odd number
of Dirac fermions on the surface of a topological insulator.

Soon after the theoretical prediction5, the 2D topological
insulator exhibiting the quantum spin Hall effect was experimen-
tally observed in HgTe quantum wells6. The electronic states of the
2D HgTe quantum wells are well described by a 2+1-dimensional
Dirac equation where the mass term is continuously tunable by
the thickness of the quantum well. Beyond a critical thickness,
the Dirac mass term of the 2D quantum well changes sign from
being positive to negative, and a pair of gapless helical edge states
appears inside the bulk energy gap. This microscopic mechanism
for obtaining topological insulators by inverting the bulk Dirac
gap spectrum can also be generalized to other 2D and 3D sys-
tems. The guiding principle is to search for insulators where the

1Beijing National Laboratory for Condensed Matter Physics, and Institute of Physics, Chinese Academy of Sciences, Beijing 100190, China, 2Center for
Advanced Study, Tsinghua University, Beijing 100084, China, 3Department of Physics, McCullough Building, Stanford University, Stanford, California
94305-4045, USA. *e-mail: sczhang@stanford.edu.

Quintuple
layer

B

B

C

A

C

A

C

t1
t2 t3

z

x
y

Se1’

Se1

Bi1

Se2

Bi1’

Se1’

Se1

x

y

Se2

Bi

Se1

A site
B site
C site

a b

c

Figure 1 | Crystal structure. a, Crystal structure of Bi2Se3 with three
primitive lattice vectors denoted as t1,2,3. A quintuple layer with
Se1–Bi1–Se2–Bi1′–Se1′ is indicated by the red square. b, Top view along
the z-direction. The triangle lattice in one quintuple layer has three different
positions, denoted as A, B and C. c, Side view of the quintuple layer
structure. Along the z-direction, the stacking order of Se and Bi atomic
layers is ···–C(Se1′)–A(Se1)–B(Bi1)–C(Se2)–A(Bi1′)–B(Se1′)–C(Se1)–···.
The Se1 (Bi1) layer can be related to the Se1′ (Bi1′) layer by an inversion
operation in which the Se2 atoms have the role of inversion centres.

conduction and the valence bands have the opposite parity, and
a ‘band inversion’ occurs when the strength of some parameter,
say the spin–orbit coupling (SOC), is tuned. For systems with
inversion symmetry, a method based on the parity eigenvalues of
band states at time-reversal-invariant points can be applied13. On
the basis of this analysis, the BixSb1−x alloy has been predicted
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Figure 3 | Band sequence. a, Schematic diagram of the evolution from the atomic px,y,z orbitals of Bi and Se into the conduction and valence bands of
Bi2Se3 at the ! point. The three different stages (I), (II) and (III) represent the effect of turning on chemical bonding, crystal-field splitting and SOC,
respectively (see text). The blue dashed line represents the Fermi energy. b, The energy levels |P1+z 〉 and |P2−

z 〉 of Bi2Se3 at the ! point versus an artificially
rescaled atomic SOC λ(Bi)= xλ0(Bi)= 1.25x eV,λ(Se)= xλ0(Se)=0.22x eV (see text). A level crossing occurs between these two states at x= xc #0.6.

Ab initio calculations for Sb2Te3, Sb2Se3, Bi2Te3 and Bi2Se3 are
carried out in the framework of the Perdew–Burke–Ernzerhof-
type14 generalized gradient approximation of the density functional
theory. The BSTATE package15 with the plane-wave pseudo-
potential method is used with a k-point grid taken as 10×10×10
and the kinetic energy cutoff fixed to 340 eV. For Sb2Te3, Bi2Te3
and Bi2Se3, the lattice constants are chosen from experiments,
whereas for Sb2Se3, the lattice parameters are optimized in
the self-consistent calculation for rhombohedral crystal structure
(a=4.076Å, c=29.830Å), owing to the lack of experimental data.

Our results are consistent with the previous calculations16,17. In
particular, we note that Bi2Se3 has an energy gap of about 0.3 eV,
which agrees well with the experimental data (about 0.2–0.3 eV;
refs 18, 19). In the following, we take the band structure of Bi2Se3
as an example. Figure 2a and b show the band structure of Bi2Se3
without and with SOC, respectively. By comparing the two figure
parts, one can see clearly that the only qualitative change induced
by turning on SOC is an anti-crossing feature around the ! point,
which thus indicates an inversion between the conduction band
and valence band due to SOC effects, suggesting that Bi2Se3 is a
topological insulator. To firmly establish the topological nature
of this material, we follow the method proposed by Fu and
Kane13. Thus, we calculate the product of the parities of the Bloch
wavefunction for the occupied bands at all time-reversal-invariant
momenta !,F ,L,Z in the Brillouin zone. As expected, we find
that at the ! point, the parity of one occupied band is changed
on turning on SOC, whereas the parity remains unchanged for
all occupied bands at the other momenta F ,L,Z . As the system
without SOC is guaranteed to be a trivial insulator, we conclude
that Bi2Se3 is a strong topological insulator. The same calculation
is carried out for the other three materials, from which we find that
Sb2Te3 and Bi2Te3 are also strong topological insulators, and Sb2Se3
is a trivial insulator. The parity eigenvalues of the highest 14 bands
below the Fermi level and the first conduction band at the ! point
are listed in Fig. 2d. From this table we can see that the product
of parities of occupied bands at the ! point changes from the
trivial material Sb2Se3 to the three non-trivial materials, owing to an
exchange of the highest occupied state and the lowest unoccupied
state. This agrees with our earlier analysis that an inversion between
the conduction band and valence band occurs at the! point.

To get a better understanding of the inversion and the parity
exchange, we start from the atomic energy levels and consider the
effect of crystal-field splitting and SOC on the energy eigenvalues

at the ! point. This is summarized schematically in three stages
(I), (II) and (III) in Fig. 3a. As the states near the Fermi surface
are mainly coming from p orbitals, we will neglect the effect of s
orbitals and start from the atomic p orbitals of Bi (6s26p3) and Se
(4s24p4). In stage (I), we consider the chemical bonding between Bi
and Se atoms within a quintuple layer, which is the largest energy
scale in the current problem. First we can recombine the orbitals
in a single unit cell according to their parity, which results in three
states (two odd, one even) from each Se p orbital and two states
(one odd, one even) from each Bi p orbital. The formation of
chemical bonding hybridizes the states on Bi and Se atoms, thus
pushing down all of the Se states and lifting up all of the Bi states. In
Fig. 3a, these five hybridized states are labelled as |P1±x,y,z 〉, |P2±x,y,z 〉
and |P0−

x,y,z 〉, where the superscripts +,− stand for the parity of
the corresponding states. In stage (II), we consider the effect of
the crystal-field splitting between different p orbitals. According
to the point-group symmetry, the pz orbital is split from the px
and py orbitals whereas the last two remain degenerate. After this
splitting, the energy levels closest to the Fermi energy turn out to
be the pz levels |P1+z 〉 and |P2−

z 〉. In the last stage (III), we take
into account the effect of SOC. The atomic SOC Hamiltonian is
given by Hso = λl ·S, with l,S being the orbital and spin angular
momentum, and λ is the SOC parameter. The SOC Hamiltonian
mixes spin and orbital angular momenta while preserving the total
angular momentum, which thus leads to a level repulsion between
|P1+z ,↑〉 and |P1+x+iy ,↓〉, and similar combinations. Consequently,
the |P1+z ,↑ (↓)〉 state is pushed down by the SOC effect and the
|P2−

z ,↑ (↓)〉 state is pushed up. If the SOC is large enough (λ>λc),
the order of these two levels is reversed. To see this inversion process
explicitly, we also calculate the energy levels |P1+z 〉 and |P2−

z 〉 for
a model Hamiltonian of Bi2Se3 with artificially rescaled atomic
SOC parameters λ(Bi) = xλ0(Bi), λ(Se) = xλ0(Se), as shown in
Fig. 3b. Here, λ0(Bi)=1.25 eV and λ0(Se)=0.22 eV are the realistic
values of Bi and Se atomic SOC parameters, respectively20. From
Fig. 3b, one can see clearly that a level crossing occurs between |P1+z 〉
and |P2−

z 〉 when the SOC is about 60% of the realistic value. As
these two levels have opposite parity, the inversion between them
drives the system into a topological insulator phase. Therefore,
the mechanism for the 3D topological insulator in this system is
exactly analogous to the mechanism in the 2D topological insulator
HgTe. In summary, through the analysis above we find that Bi2Se3
is topologically non-trivial due to the inversion between two pz
orbitals with opposite parity at the ! point. Similar analyses can
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Figure 3 | Band sequence. a, Schematic diagram of the evolution from the atomic px,y,z orbitals of Bi and Se into the conduction and valence bands of
Bi2Se3 at the ! point. The three different stages (I), (II) and (III) represent the effect of turning on chemical bonding, crystal-field splitting and SOC,
respectively (see text). The blue dashed line represents the Fermi energy. b, The energy levels |P1+z 〉 and |P2−

z 〉 of Bi2Se3 at the ! point versus an artificially
rescaled atomic SOC λ(Bi)= xλ0(Bi)= 1.25x eV,λ(Se)= xλ0(Se)=0.22x eV (see text). A level crossing occurs between these two states at x= xc #0.6.

Ab initio calculations for Sb2Te3, Sb2Se3, Bi2Te3 and Bi2Se3 are
carried out in the framework of the Perdew–Burke–Ernzerhof-
type14 generalized gradient approximation of the density functional
theory. The BSTATE package15 with the plane-wave pseudo-
potential method is used with a k-point grid taken as 10×10×10
and the kinetic energy cutoff fixed to 340 eV. For Sb2Te3, Bi2Te3
and Bi2Se3, the lattice constants are chosen from experiments,
whereas for Sb2Se3, the lattice parameters are optimized in
the self-consistent calculation for rhombohedral crystal structure
(a=4.076Å, c=29.830Å), owing to the lack of experimental data.

Our results are consistent with the previous calculations16,17. In
particular, we note that Bi2Se3 has an energy gap of about 0.3 eV,
which agrees well with the experimental data (about 0.2–0.3 eV;
refs 18, 19). In the following, we take the band structure of Bi2Se3
as an example. Figure 2a and b show the band structure of Bi2Se3
without and with SOC, respectively. By comparing the two figure
parts, one can see clearly that the only qualitative change induced
by turning on SOC is an anti-crossing feature around the ! point,
which thus indicates an inversion between the conduction band
and valence band due to SOC effects, suggesting that Bi2Se3 is a
topological insulator. To firmly establish the topological nature
of this material, we follow the method proposed by Fu and
Kane13. Thus, we calculate the product of the parities of the Bloch
wavefunction for the occupied bands at all time-reversal-invariant
momenta !,F ,L,Z in the Brillouin zone. As expected, we find
that at the ! point, the parity of one occupied band is changed
on turning on SOC, whereas the parity remains unchanged for
all occupied bands at the other momenta F ,L,Z . As the system
without SOC is guaranteed to be a trivial insulator, we conclude
that Bi2Se3 is a strong topological insulator. The same calculation
is carried out for the other three materials, from which we find that
Sb2Te3 and Bi2Te3 are also strong topological insulators, and Sb2Se3
is a trivial insulator. The parity eigenvalues of the highest 14 bands
below the Fermi level and the first conduction band at the ! point
are listed in Fig. 2d. From this table we can see that the product
of parities of occupied bands at the ! point changes from the
trivial material Sb2Se3 to the three non-trivial materials, owing to an
exchange of the highest occupied state and the lowest unoccupied
state. This agrees with our earlier analysis that an inversion between
the conduction band and valence band occurs at the! point.

To get a better understanding of the inversion and the parity
exchange, we start from the atomic energy levels and consider the
effect of crystal-field splitting and SOC on the energy eigenvalues

at the ! point. This is summarized schematically in three stages
(I), (II) and (III) in Fig. 3a. As the states near the Fermi surface
are mainly coming from p orbitals, we will neglect the effect of s
orbitals and start from the atomic p orbitals of Bi (6s26p3) and Se
(4s24p4). In stage (I), we consider the chemical bonding between Bi
and Se atoms within a quintuple layer, which is the largest energy
scale in the current problem. First we can recombine the orbitals
in a single unit cell according to their parity, which results in three
states (two odd, one even) from each Se p orbital and two states
(one odd, one even) from each Bi p orbital. The formation of
chemical bonding hybridizes the states on Bi and Se atoms, thus
pushing down all of the Se states and lifting up all of the Bi states. In
Fig. 3a, these five hybridized states are labelled as |P1±x,y,z 〉, |P2±x,y,z 〉
and |P0−

x,y,z 〉, where the superscripts +,− stand for the parity of
the corresponding states. In stage (II), we consider the effect of
the crystal-field splitting between different p orbitals. According
to the point-group symmetry, the pz orbital is split from the px
and py orbitals whereas the last two remain degenerate. After this
splitting, the energy levels closest to the Fermi energy turn out to
be the pz levels |P1+z 〉 and |P2−

z 〉. In the last stage (III), we take
into account the effect of SOC. The atomic SOC Hamiltonian is
given by Hso = λl ·S, with l,S being the orbital and spin angular
momentum, and λ is the SOC parameter. The SOC Hamiltonian
mixes spin and orbital angular momenta while preserving the total
angular momentum, which thus leads to a level repulsion between
|P1+z ,↑〉 and |P1+x+iy ,↓〉, and similar combinations. Consequently,
the |P1+z ,↑ (↓)〉 state is pushed down by the SOC effect and the
|P2−

z ,↑ (↓)〉 state is pushed up. If the SOC is large enough (λ>λc),
the order of these two levels is reversed. To see this inversion process
explicitly, we also calculate the energy levels |P1+z 〉 and |P2−

z 〉 for
a model Hamiltonian of Bi2Se3 with artificially rescaled atomic
SOC parameters λ(Bi) = xλ0(Bi), λ(Se) = xλ0(Se), as shown in
Fig. 3b. Here, λ0(Bi)=1.25 eV and λ0(Se)=0.22 eV are the realistic
values of Bi and Se atomic SOC parameters, respectively20. From
Fig. 3b, one can see clearly that a level crossing occurs between |P1+z 〉
and |P2−

z 〉 when the SOC is about 60% of the realistic value. As
these two levels have opposite parity, the inversion between them
drives the system into a topological insulator phase. Therefore,
the mechanism for the 3D topological insulator in this system is
exactly analogous to the mechanism in the 2D topological insulator
HgTe. In summary, through the analysis above we find that Bi2Se3
is topologically non-trivial due to the inversion between two pz
orbitals with opposite parity at the ! point. Similar analyses can
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In addition we consider antiferromagnetism (AFM)

Suppose electrons at Bi 
are AFM order
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Sb2Te3. The low-energy bands of these materials consist of a
bonding and an antibonding state of pz orbitals, labelled by
|P2�

z
," (#)i and |P1+

z
," (#)i, respectively. The generic form of the

effective Hamiltonian describing these four bands is obtained up to
quadratic order ofmomentum k in ref. 12. As a lattice regularization
is necessary for computing the axion field ✓ , here we start from a
lattice version of this model, with the Hamiltonian

H0(k)= ✏0(k)I4⇥4 +
5X

a=1

da(k)0a (2)

d1,2,...,5(k)= (A2 sinkx ,A2 sinky ,A1 sinkz ,M(k),0)

where ✏0(k) = C + 2D1 + 4D2 � 2D1 coskz � 2D2(coskx + cosky),
M(k) = M � 2B1 � 4B2 + 2B1 coskz + 2B2(coskx + cosky) and the
Dirac 0 matrices have the representation 0(1,2,3,4,5) = (�x ⌦ sx ,�x

⌦ sy ,�y ⌦ I2⇥2,�z ⌦ I2⇥2,�x ⌦ sz) in the basis of (|P1+
z
,"i,|P1+

z
,#i,

|P2�
z
, "i, |P2�

z
, #i).

P,T -breaking terms
The above Hamiltonian preserves both time-reversal symmetry T
and parity P . In the effectivemodel (2), the time-reversal and spatial
inversion transformation are defined as T = i(I2⇥2 ⌦ sy) · K (with
K being the complex conjugation operator) and P = �z ⌦ I2⇥2,
respectively. The axion field ✓ can be calculated by formula (1),
which gives 0 or ⇡ depending on the value of the parameters2,
as expected from time-reversal symmetry. Now we consider a
perturbation to the Hamiltonian (2) that can lead to deviation
of ✓ from 0 or ⇡. As ✓ is odd under time-reversal and parity
operation, only time-reversal- and parity-breaking perturbations
can induce a change of ✓ . By simple algebra, one can show
that to the leading order the T ,P-breaking perturbation must
have the form �H (k) = P

i=1,2,3,5 mi0
i. Thus, the perturbed

Hamiltonian can still be written as H (k) = P5
a=1 da(k)0

a with
da(k) = (A2 sinkx + m1,A2 sinky + m2,A1 sinkz + m3, M(k),m5).
For this model, equation (1) can be reduced to an explicit
expression for ✓ :

✓ = 1
4⇡

Z
d3k

2|d|+d4

(|d|+d4)2|d|3 ✏
ijkl
di@kx dj@ky dk@kz dl (3)

where i, j,k, l take values from 1,2,3,5 and |d| =
qP5

a=1dad
a.

More details about the derivation of this equation can be found
in the Methods section. Although there are four independent
parameters m1,2,3,5 in the T ,P-breaking term, only m5 leads to
a correction to ✓ to the linear order. Thus, in the following
we will take m1,2,3 = 0 without the loss of generality, and
leave only the m50

5 term. To see the physical meaning of the
m50

5 term, we change the basis to (|A,"i, |A,#i, |B,"i, |B,#i)
with |A, " (#)i = (1/

p
2)(|P1+

z
, " (#)i + |P2�

z
, " (#)i) and

|B," (#)i = (1/
p
2)(|P1+

z
," (#)i � |P2�

z
," (#)i). We see that

P|A," (#)i = |B," (#)i. Physically, |A," (#)i and |B," (#)i stand
for states of the two lattice sites in each unit cell, for example,
the two Bi atom sites in Bi2Te3, which are shifted away from
the inversion centre along the z direction. By transforming 05 to
the new basis, we see that it represents a staggered Zeeman field
that points in the +z(�z) direction on the A(B) sublattice. This
staggered Zeeman field can be generated by an antiferromagnetic
order, where electron spins point along opposite z directions on
two sublattices, as shown in Fig. 1.Without the05 term, topological
insulators have protected surface states consisting of an odd number
of massless Dirac cones. With broken time-reversal symmetry, a
direct consequence of the m50

5 term is that it opens a gap in
the surface-state spectrum. The surface-state gap is equal to m5,
independent of the orientation of the surface.
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Figure 1 | Crystal structure of Bi(Fe)2Se3. Crystal structure of Bi(Fe)2Se3

with three primitive lattice vectors denoted as t1,2,3. A quintuple layer with

Se1–Bi(Fe)1–Se2–Bi(Fe) 1
0
–Se1

0
is indicated in the orange rectangle. The

spin-ordering configuration giving rise to the 05 mass is indicated by the

black arrow, which is antiferromagnetic along the z direction and

ferromagnetic within the xy plane.

Dynamical axion in the antiferromagnetic phase
We have seen above that the axion field ✓ can deviate from
0 or ⇡ if the electrons are coupled to the antiferromagnetic
order parameter. Such a staggered field can be induced if an
antiferromagnetic long-range order is established in the system.
Physically, an antiferromagnetic ordered phase can be obtained
naturally if the screened Coulomb interaction of electrons becomes
strong. For example, in the Bi2Te3 family doped with magnetic
impurities such as Fe, the substitution of p electrons of Bi or Te by
d electrons of the magnetic impurities effectively enhanced the on-
site repulsion of electrons. In the basis (|A,"i,|A,#i,|B,"i,|B,#i)
the Hamiltonian with interaction can be written as

H =H0 +U

X

i

(niA"niA# +niB"niB#)+V

X

i

niAniB

in which the first term is the kinetic energy given by equation (2)
and the other two terms represent the on-site repulsion U and
the inter-site repulsion V between A and B sites. Possible ordered
phases resulting from the interaction include the ferromagnetic
phase where the spins on two sublattices A and B point in the
same direction, the antiferromagnetic phase where the spins on
two sublattices point in the opposite direction and the charge-
density wave. Correspondingly the order parameters are taken as
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Sb2Te3. The low-energy bands of these materials consist of a
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," (#)i and |P1+
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," (#)i, respectively. The generic form of the

effective Hamiltonian describing these four bands is obtained up to
quadratic order ofmomentum k in ref. 12. As a lattice regularization
is necessary for computing the axion field ✓ , here we start from a
lattice version of this model, with the Hamiltonian

H0(k)= ✏0(k)I4⇥4 +
5X

a=1

da(k)0a (2)

d1,2,...,5(k)= (A2 sinkx ,A2 sinky ,A1 sinkz ,M(k),0)

where ✏0(k) = C + 2D1 + 4D2 � 2D1 coskz � 2D2(coskx + cosky),
M(k) = M � 2B1 � 4B2 + 2B1 coskz + 2B2(coskx + cosky) and the
Dirac 0 matrices have the representation 0(1,2,3,4,5) = (�x ⌦ sx ,�x

⌦ sy ,�y ⌦ I2⇥2,�z ⌦ I2⇥2,�x ⌦ sz) in the basis of (|P1+
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,"i,|P1+

z
,#i,

|P2�
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, #i).

P,T -breaking terms
The above Hamiltonian preserves both time-reversal symmetry T
and parity P . In the effectivemodel (2), the time-reversal and spatial
inversion transformation are defined as T = i(I2⇥2 ⌦ sy) · K (with
K being the complex conjugation operator) and P = �z ⌦ I2⇥2,
respectively. The axion field ✓ can be calculated by formula (1),
which gives 0 or ⇡ depending on the value of the parameters2,
as expected from time-reversal symmetry. Now we consider a
perturbation to the Hamiltonian (2) that can lead to deviation
of ✓ from 0 or ⇡. As ✓ is odd under time-reversal and parity
operation, only time-reversal- and parity-breaking perturbations
can induce a change of ✓ . By simple algebra, one can show
that to the leading order the T ,P-breaking perturbation must
have the form �H (k) = P

i=1,2,3,5 mi0
i. Thus, the perturbed

Hamiltonian can still be written as H (k) = P5
a=1 da(k)0

a with
da(k) = (A2 sinkx + m1,A2 sinky + m2,A1 sinkz + m3, M(k),m5).
For this model, equation (1) can be reduced to an explicit
expression for ✓ :

✓ = 1
4⇡

Z
d3k

2|d|+d4

(|d|+d4)2|d|3 ✏
ijkl
di@kx dj@ky dk@kz dl (3)

where i, j,k, l take values from 1,2,3,5 and |d| =
qP5

a=1dad
a.

More details about the derivation of this equation can be found
in the Methods section. Although there are four independent
parameters m1,2,3,5 in the T ,P-breaking term, only m5 leads to
a correction to ✓ to the linear order. Thus, in the following
we will take m1,2,3 = 0 without the loss of generality, and
leave only the m50

5 term. To see the physical meaning of the
m50

5 term, we change the basis to (|A,"i, |A,#i, |B,"i, |B,#i)
with |A, " (#)i = (1/
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2)(|P1+

z
, " (#)i + |P2�

z
, " (#)i) and

|B," (#)i = (1/
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z
," (#)i). We see that

P|A," (#)i = |B," (#)i. Physically, |A," (#)i and |B," (#)i stand
for states of the two lattice sites in each unit cell, for example,
the two Bi atom sites in Bi2Te3, which are shifted away from
the inversion centre along the z direction. By transforming 05 to
the new basis, we see that it represents a staggered Zeeman field
that points in the +z(�z) direction on the A(B) sublattice. This
staggered Zeeman field can be generated by an antiferromagnetic
order, where electron spins point along opposite z directions on
two sublattices, as shown in Fig. 1.Without the05 term, topological
insulators have protected surface states consisting of an odd number
of massless Dirac cones. With broken time-reversal symmetry, a
direct consequence of the m50

5 term is that it opens a gap in
the surface-state spectrum. The surface-state gap is equal to m5,
independent of the orientation of the surface.
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Dynamical axion in the antiferromagnetic phase
We have seen above that the axion field ✓ can deviate from
0 or ⇡ if the electrons are coupled to the antiferromagnetic
order parameter. Such a staggered field can be induced if an
antiferromagnetic long-range order is established in the system.
Physically, an antiferromagnetic ordered phase can be obtained
naturally if the screened Coulomb interaction of electrons becomes
strong. For example, in the Bi2Te3 family doped with magnetic
impurities such as Fe, the substitution of p electrons of Bi or Te by
d electrons of the magnetic impurities effectively enhanced the on-
site repulsion of electrons. In the basis (|A,"i,|A,#i,|B,"i,|B,#i)
the Hamiltonian with interaction can be written as

H =H0 +U

X

i

(niA"niA# +niB"niB#)+V

X

i

niAniB

in which the first term is the kinetic energy given by equation (2)
and the other two terms represent the on-site repulsion U and
the inter-site repulsion V between A and B sites. Possible ordered
phases resulting from the interaction include the ferromagnetic
phase where the spins on two sublattices A and B point in the
same direction, the antiferromagnetic phase where the spins on
two sublattices point in the opposite direction and the charge-
density wave. Correspondingly the order parameters are taken as
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Sb2Te3. The low-energy bands of these materials consist of a
bonding and an antibonding state of pz orbitals, labelled by
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," (#)i, respectively. The generic form of the

effective Hamiltonian describing these four bands is obtained up to
quadratic order ofmomentum k in ref. 12. As a lattice regularization
is necessary for computing the axion field ✓ , here we start from a
lattice version of this model, with the Hamiltonian

H0(k)= ✏0(k)I4⇥4 +
5X

a=1

da(k)0a (2)

d1,2,...,5(k)= (A2 sinkx ,A2 sinky ,A1 sinkz ,M(k),0)

where ✏0(k) = C + 2D1 + 4D2 � 2D1 coskz � 2D2(coskx + cosky),
M(k) = M � 2B1 � 4B2 + 2B1 coskz + 2B2(coskx + cosky) and the
Dirac 0 matrices have the representation 0(1,2,3,4,5) = (�x ⌦ sx ,�x

⌦ sy ,�y ⌦ I2⇥2,�z ⌦ I2⇥2,�x ⌦ sz) in the basis of (|P1+
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|P2�
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, #i).

P,T -breaking terms
The above Hamiltonian preserves both time-reversal symmetry T
and parity P . In the effectivemodel (2), the time-reversal and spatial
inversion transformation are defined as T = i(I2⇥2 ⌦ sy) · K (with
K being the complex conjugation operator) and P = �z ⌦ I2⇥2,
respectively. The axion field ✓ can be calculated by formula (1),
which gives 0 or ⇡ depending on the value of the parameters2,
as expected from time-reversal symmetry. Now we consider a
perturbation to the Hamiltonian (2) that can lead to deviation
of ✓ from 0 or ⇡. As ✓ is odd under time-reversal and parity
operation, only time-reversal- and parity-breaking perturbations
can induce a change of ✓ . By simple algebra, one can show
that to the leading order the T ,P-breaking perturbation must
have the form �H (k) = P

i=1,2,3,5 mi0
i. Thus, the perturbed

Hamiltonian can still be written as H (k) = P5
a=1 da(k)0

a with
da(k) = (A2 sinkx + m1,A2 sinky + m2,A1 sinkz + m3, M(k),m5).
For this model, equation (1) can be reduced to an explicit
expression for ✓ :

✓ = 1
4⇡
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2|d|+d4

(|d|+d4)2|d|3 ✏
ijkl
di@kx dj@ky dk@kz dl (3)

where i, j,k, l take values from 1,2,3,5 and |d| =
qP5

a=1dad
a.

More details about the derivation of this equation can be found
in the Methods section. Although there are four independent
parameters m1,2,3,5 in the T ,P-breaking term, only m5 leads to
a correction to ✓ to the linear order. Thus, in the following
we will take m1,2,3 = 0 without the loss of generality, and
leave only the m50

5 term. To see the physical meaning of the
m50

5 term, we change the basis to (|A,"i, |A,#i, |B,"i, |B,#i)
with |A, " (#)i = (1/
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p
2)(|P1+

z
," (#)i � |P2�

z
," (#)i). We see that

P|A," (#)i = |B," (#)i. Physically, |A," (#)i and |B," (#)i stand
for states of the two lattice sites in each unit cell, for example,
the two Bi atom sites in Bi2Te3, which are shifted away from
the inversion centre along the z direction. By transforming 05 to
the new basis, we see that it represents a staggered Zeeman field
that points in the +z(�z) direction on the A(B) sublattice. This
staggered Zeeman field can be generated by an antiferromagnetic
order, where electron spins point along opposite z directions on
two sublattices, as shown in Fig. 1.Without the05 term, topological
insulators have protected surface states consisting of an odd number
of massless Dirac cones. With broken time-reversal symmetry, a
direct consequence of the m50

5 term is that it opens a gap in
the surface-state spectrum. The surface-state gap is equal to m5,
independent of the orientation of the surface.
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Dynamical axion in the antiferromagnetic phase
We have seen above that the axion field ✓ can deviate from
0 or ⇡ if the electrons are coupled to the antiferromagnetic
order parameter. Such a staggered field can be induced if an
antiferromagnetic long-range order is established in the system.
Physically, an antiferromagnetic ordered phase can be obtained
naturally if the screened Coulomb interaction of electrons becomes
strong. For example, in the Bi2Te3 family doped with magnetic
impurities such as Fe, the substitution of p electrons of Bi or Te by
d electrons of the magnetic impurities effectively enhanced the on-
site repulsion of electrons. In the basis (|A,"i,|A,#i,|B,"i,|B,#i)
the Hamiltonian with interaction can be written as

H =H0 +U

X
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(niA"niA# +niB"niB#)+V
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niAniB

in which the first term is the kinetic energy given by equation (2)
and the other two terms represent the on-site repulsion U and
the inter-site repulsion V between A and B sites. Possible ordered
phases resulting from the interaction include the ferromagnetic
phase where the spins on two sublattices A and B point in the
same direction, the antiferromagnetic phase where the spins on
two sublattices point in the opposite direction and the charge-
density wave. Correspondingly the order parameters are taken as
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," (#)i and |P1+

z
," (#)i, respectively. The generic form of the

effective Hamiltonian describing these four bands is obtained up to
quadratic order ofmomentum k in ref. 12. As a lattice regularization
is necessary for computing the axion field ✓ , here we start from a
lattice version of this model, with the Hamiltonian

H0(k)= ✏0(k)I4⇥4 +
5X

a=1

da(k)0a (2)

d1,2,...,5(k)= (A2 sinkx ,A2 sinky ,A1 sinkz ,M(k),0)

where ✏0(k) = C + 2D1 + 4D2 � 2D1 coskz � 2D2(coskx + cosky),
M(k) = M � 2B1 � 4B2 + 2B1 coskz + 2B2(coskx + cosky) and the
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z
,"i,|P1+

z
,#i,

|P2�
z
, "i, |P2�

z
, #i).

P,T -breaking terms
The above Hamiltonian preserves both time-reversal symmetry T
and parity P . In the effectivemodel (2), the time-reversal and spatial
inversion transformation are defined as T = i(I2⇥2 ⌦ sy) · K (with
K being the complex conjugation operator) and P = �z ⌦ I2⇥2,
respectively. The axion field ✓ can be calculated by formula (1),
which gives 0 or ⇡ depending on the value of the parameters2,
as expected from time-reversal symmetry. Now we consider a
perturbation to the Hamiltonian (2) that can lead to deviation
of ✓ from 0 or ⇡. As ✓ is odd under time-reversal and parity
operation, only time-reversal- and parity-breaking perturbations
can induce a change of ✓ . By simple algebra, one can show
that to the leading order the T ,P-breaking perturbation must
have the form �H (k) = P

i=1,2,3,5 mi0
i. Thus, the perturbed

Hamiltonian can still be written as H (k) = P5
a=1 da(k)0

a with
da(k) = (A2 sinkx + m1,A2 sinky + m2,A1 sinkz + m3, M(k),m5).
For this model, equation (1) can be reduced to an explicit
expression for ✓ :

✓ = 1
4⇡

Z
d3k

2|d|+d4

(|d|+d4)2|d|3 ✏
ijkl
di@kx dj@ky dk@kz dl (3)

where i, j,k, l take values from 1,2,3,5 and |d| =
qP5

a=1dad
a.

More details about the derivation of this equation can be found
in the Methods section. Although there are four independent
parameters m1,2,3,5 in the T ,P-breaking term, only m5 leads to
a correction to ✓ to the linear order. Thus, in the following
we will take m1,2,3 = 0 without the loss of generality, and
leave only the m50

5 term. To see the physical meaning of the
m50

5 term, we change the basis to (|A,"i, |A,#i, |B,"i, |B,#i)
with |A, " (#)i = (1/

p
2)(|P1+

z
, " (#)i + |P2�

z
, " (#)i) and

|B," (#)i = (1/
p
2)(|P1+

z
," (#)i � |P2�

z
," (#)i). We see that

P|A," (#)i = |B," (#)i. Physically, |A," (#)i and |B," (#)i stand
for states of the two lattice sites in each unit cell, for example,
the two Bi atom sites in Bi2Te3, which are shifted away from
the inversion centre along the z direction. By transforming 05 to
the new basis, we see that it represents a staggered Zeeman field
that points in the +z(�z) direction on the A(B) sublattice. This
staggered Zeeman field can be generated by an antiferromagnetic
order, where electron spins point along opposite z directions on
two sublattices, as shown in Fig. 1.Without the05 term, topological
insulators have protected surface states consisting of an odd number
of massless Dirac cones. With broken time-reversal symmetry, a
direct consequence of the m50

5 term is that it opens a gap in
the surface-state spectrum. The surface-state gap is equal to m5,
independent of the orientation of the surface.
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Figure 1 | Crystal structure of Bi(Fe)2Se3. Crystal structure of Bi(Fe)2Se3

with three primitive lattice vectors denoted as t1,2,3. A quintuple layer with

Se1–Bi(Fe)1–Se2–Bi(Fe) 1
0
–Se1

0
is indicated in the orange rectangle. The

spin-ordering configuration giving rise to the 05 mass is indicated by the

black arrow, which is antiferromagnetic along the z direction and

ferromagnetic within the xy plane.

Dynamical axion in the antiferromagnetic phase
We have seen above that the axion field ✓ can deviate from
0 or ⇡ if the electrons are coupled to the antiferromagnetic
order parameter. Such a staggered field can be induced if an
antiferromagnetic long-range order is established in the system.
Physically, an antiferromagnetic ordered phase can be obtained
naturally if the screened Coulomb interaction of electrons becomes
strong. For example, in the Bi2Te3 family doped with magnetic
impurities such as Fe, the substitution of p electrons of Bi or Te by
d electrons of the magnetic impurities effectively enhanced the on-
site repulsion of electrons. In the basis (|A,"i,|A,#i,|B,"i,|B,#i)
the Hamiltonian with interaction can be written as

H =H0 +U

X

i

(niA"niA# +niB"niB#)+V

X

i

niAniB

in which the first term is the kinetic energy given by equation (2)
and the other two terms represent the on-site repulsion U and
the inter-site repulsion V between A and B sites. Possible ordered
phases resulting from the interaction include the ferromagnetic
phase where the spins on two sublattices A and B point in the
same direction, the antiferromagnetic phase where the spins on
two sublattices point in the opposite direction and the charge-
density wave. Correspondingly the order parameters are taken as
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Large  U AFM

In addition we consider antiferromagnetism (AFM)
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Sb2Te3. The low-energy bands of these materials consist of a
bonding and an antibonding state of pz orbitals, labelled by
|P2�

z
," (#)i and |P1+

z
," (#)i, respectively. The generic form of the

effective Hamiltonian describing these four bands is obtained up to
quadratic order ofmomentum k in ref. 12. As a lattice regularization
is necessary for computing the axion field ✓ , here we start from a
lattice version of this model, with the Hamiltonian

H0(k)= ✏0(k)I4⇥4 +
5X

a=1

da(k)0a (2)

d1,2,...,5(k)= (A2 sinkx ,A2 sinky ,A1 sinkz ,M(k),0)

where ✏0(k) = C + 2D1 + 4D2 � 2D1 coskz � 2D2(coskx + cosky),
M(k) = M � 2B1 � 4B2 + 2B1 coskz + 2B2(coskx + cosky) and the
Dirac 0 matrices have the representation 0(1,2,3,4,5) = (�x ⌦ sx ,�x

⌦ sy ,�y ⌦ I2⇥2,�z ⌦ I2⇥2,�x ⌦ sz) in the basis of (|P1+
z
,"i,|P1+

z
,#i,

|P2�
z
, "i, |P2�

z
, #i).

P,T -breaking terms
The above Hamiltonian preserves both time-reversal symmetry T
and parity P . In the effectivemodel (2), the time-reversal and spatial
inversion transformation are defined as T = i(I2⇥2 ⌦ sy) · K (with
K being the complex conjugation operator) and P = �z ⌦ I2⇥2,
respectively. The axion field ✓ can be calculated by formula (1),
which gives 0 or ⇡ depending on the value of the parameters2,
as expected from time-reversal symmetry. Now we consider a
perturbation to the Hamiltonian (2) that can lead to deviation
of ✓ from 0 or ⇡. As ✓ is odd under time-reversal and parity
operation, only time-reversal- and parity-breaking perturbations
can induce a change of ✓ . By simple algebra, one can show
that to the leading order the T ,P-breaking perturbation must
have the form �H (k) = P

i=1,2,3,5 mi0
i. Thus, the perturbed

Hamiltonian can still be written as H (k) = P5
a=1 da(k)0

a with
da(k) = (A2 sinkx + m1,A2 sinky + m2,A1 sinkz + m3, M(k),m5).
For this model, equation (1) can be reduced to an explicit
expression for ✓ :

✓ = 1
4⇡

Z
d3k

2|d|+d4

(|d|+d4)2|d|3 ✏
ijkl
di@kx dj@ky dk@kz dl (3)

where i, j,k, l take values from 1,2,3,5 and |d| =
qP5

a=1dad
a.

More details about the derivation of this equation can be found
in the Methods section. Although there are four independent
parameters m1,2,3,5 in the T ,P-breaking term, only m5 leads to
a correction to ✓ to the linear order. Thus, in the following
we will take m1,2,3 = 0 without the loss of generality, and
leave only the m50

5 term. To see the physical meaning of the
m50

5 term, we change the basis to (|A,"i, |A,#i, |B,"i, |B,#i)
with |A, " (#)i = (1/

p
2)(|P1+

z
, " (#)i + |P2�

z
, " (#)i) and

|B," (#)i = (1/
p
2)(|P1+

z
," (#)i � |P2�

z
," (#)i). We see that

P|A," (#)i = |B," (#)i. Physically, |A," (#)i and |B," (#)i stand
for states of the two lattice sites in each unit cell, for example,
the two Bi atom sites in Bi2Te3, which are shifted away from
the inversion centre along the z direction. By transforming 05 to
the new basis, we see that it represents a staggered Zeeman field
that points in the +z(�z) direction on the A(B) sublattice. This
staggered Zeeman field can be generated by an antiferromagnetic
order, where electron spins point along opposite z directions on
two sublattices, as shown in Fig. 1.Without the05 term, topological
insulators have protected surface states consisting of an odd number
of massless Dirac cones. With broken time-reversal symmetry, a
direct consequence of the m50

5 term is that it opens a gap in
the surface-state spectrum. The surface-state gap is equal to m5,
independent of the orientation of the surface.

t
1

t
2

t
3

Se2

Bi(Fe)

Se1

x

y

z

Quintuple layer

B

A

C

A

B

C

C

A

B

A

C

B

A

Figure 1 | Crystal structure of Bi(Fe)2Se3. Crystal structure of Bi(Fe)2Se3

with three primitive lattice vectors denoted as t1,2,3. A quintuple layer with

Se1–Bi(Fe)1–Se2–Bi(Fe) 1
0
–Se1

0
is indicated in the orange rectangle. The

spin-ordering configuration giving rise to the 05 mass is indicated by the

black arrow, which is antiferromagnetic along the z direction and

ferromagnetic within the xy plane.

Dynamical axion in the antiferromagnetic phase
We have seen above that the axion field ✓ can deviate from
0 or ⇡ if the electrons are coupled to the antiferromagnetic
order parameter. Such a staggered field can be induced if an
antiferromagnetic long-range order is established in the system.
Physically, an antiferromagnetic ordered phase can be obtained
naturally if the screened Coulomb interaction of electrons becomes
strong. For example, in the Bi2Te3 family doped with magnetic
impurities such as Fe, the substitution of p electrons of Bi or Te by
d electrons of the magnetic impurities effectively enhanced the on-
site repulsion of electrons. In the basis (|A,"i,|A,#i,|B,"i,|B,#i)
the Hamiltonian with interaction can be written as

H =H0 +U

X

i

(niA"niA# +niB"niB#)+V

X

i

niAniB

in which the first term is the kinetic energy given by equation (2)
and the other two terms represent the on-site repulsion U and
the inter-site repulsion V between A and B sites. Possible ordered
phases resulting from the interaction include the ferromagnetic
phase where the spins on two sublattices A and B point in the
same direction, the antiferromagnetic phase where the spins on
two sublattices point in the opposite direction and the charge-
density wave. Correspondingly the order parameters are taken as
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Dynamical axion exits in both TI and NI phases
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Dynamical axion field in topological
magnetic insulators
Rundong Li1, JingWang1,2, Xiao-Liang Qi1 and Shou-Cheng Zhang1*
Axions are weakly interacting particles of low mass, and were postulated more than 30 years ago in the framework of the

Standard Model of particle physics. Their existence could explain the missing dark matter of the Universe. However, despite

intensive searches, axions have yet to be observed. Here we show that magnetic fluctuations of topological insulators couple

to the electromagnetic fields exactly like the axions, and propose several experiments to detect this dynamical axion field. In

particular, we show that the axion coupling enables a nonlinear modulation of the electromagnetic field, leading to attenuated

total reflection. We propose a new optical-modulator device based on this principle.

The electromagnetic response of a three-dimensional insulator
is described by Maxwell’s action S0 = (8/⇡)

R
d3xdt

(✏E2 � (1/µ)B2), with material-dependent dielectric con-
stant ✏ and magnetic permeability µ, where E and B are the
electromagnetic fields inside the insulator. However, generally,
it is possible to include another quadratic term in the effective
action S✓ = (✓/2⇡)(↵/2⇡)

R
d3xdtE·B, where ↵ = e

2/h̄c is the
fine-structure constant and ✓ is a parameter describing the insulator
in question. In the field theory literature, this effective action is
known as the axion electrodynamics1, where ✓ has the role of the
axion field. Under the periodic boundary condition, the partition
function and all physical quantities are invariant if ✓ is shifted
by integer multiples of 2⇡. Therefore, all time-reversal invariant
insulators fall into two distinct classes described by either ✓ = 0
or ✓ = ⇡ (ref. 2). Topological insulators are defined by ✓ = ⇡
and can be connected continuously to trivial insulators, defined
by ✓ = 0, only by time-reversal-breaking perturbations. The form
of the effective action implies that an electric field can induce
a magnetic polarization, whereas a magnetic field can induce
an electric polarization. This effect is known as the topological
magneto-electric effect and ✓ is related to the magneto-electric
polarizationP3 byP3 =✓/2⇡. Physically the parameter ✓ depends on
the band structure of the insulator and has amicroscopic expression
of themomentum-space Chern–Simons form2

✓ = 1
4⇡

Z
d3k✏ ijkTr


Ai@jAk + i

2
3
AiAjAk

�
(1)

where A
↵�
i
(k) = �ih↵k|@/@ki|�ki is the momentum-space non-

abelian gauge field and |↵ki is the periodic part of the Bloch
wavefunction of the ↵th band with indices ↵,� referring to the
occupied bands. The ✓ parameter has been calculated explicitly for
several basic models of topological insulators2,3. In a topological
insulator, the axion field gives rise to new physical effects
such as the image monopole and anyonic statistics4. This field,
however, is static in a time-reversal invariant topological insulator.
Here, we consider the antiferromagnetic long-range order in
a topological insulator, which breaks time-reversal symmetry
spontaneously, so that ✓ becomes a dynamical axion field taking
continuous values from 0 to 2⇡. In the following, we will
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Department of Physics, McCullough Building, Stanford University, Stanford, California 94305-4045, USA,

2
Department of Physics, Tsinghua University,

Beijing 100084, China. *e-mail: sczhang@stanford.edu.

refer to such an antiferromagnetic insulator as a ‘topological
magnetic insulator’ (TMI). We propose a minimal model in which
the antiferromagnetic order breaks the time-reversal symmetry
spontaneously and the magnetic fluctuations couple linearly to the
axion field, thus realizing the dynamic axion field in condensed-
matter systems. Compared with its high-energy version, the
axion proposed here has the advantage that it can be observed
in controlled experimental settings5. With an externally applied
magnetic field, the axion field couples linearly to light, resulting in
the axionic polariton. By measuring the attenuated total reflection
(ATR), the gap in the axionic polariton dispersion can be observed.
An attractive feature is that the axionic polariton gap is tunable by
changing the external electric or magnetic fields. The control of the
light transmission through thematerial enables a new type of optical
modulator. We also propose another experiment to detect the
dynamic axion bymicrocantilever torquemagnetometry, where the
double-frequency response of the cantilever is a unique signature of
the dynamic axion field.

We propose several materials that may realize the topological
magnetic insulator with dynamic axion field. One possibility is the
topological insulators Bi2Te3, Bi2Se3 and Sb2Te3 doped with 3d
transition metal elements such as Fe (refs 6, 7). Another possible
class of material is the 5d transition metal compound AxBOy with
B and A standing for a 5d transition metal and an alkali metal,
respectively. Electrons in the 5d orbital can have both strong
spin–orbital coupling and strong interaction, which is ideal for
the realization of the topological magnetic insulator8. We propose
that such a compound with the corundum structure may have
a topological magnetic insulator phase if the states close to the
Fermi level are formed by t2g orbitals with total angular momentum
Jeff = 1/2 (ref. 9). We also noticed two very recent works on 5d
transition metal compounds with the pyrochlore structure, which
may also realize the topologicalmagnetic insulator phase10,11.

Effectivemodel for the 3D topological insulator
Although all of the physical effects discussed in this article are
generic for any system supporting axionic excitation and do not
rely on a specific model, we would like to start from a simple
model for concreteness. We adopt the effective model proposed
in ref. 12 to describe topological insulators Bi2Te3, Bi2Se3 and
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Sb2Te3. The low-energy bands of these materials consist of a
bonding and an antibonding state of pz orbitals, labelled by
|P2�

z
," (#)i and |P1+

z
," (#)i, respectively. The generic form of the

effective Hamiltonian describing these four bands is obtained up to
quadratic order ofmomentum k in ref. 12. As a lattice regularization
is necessary for computing the axion field ✓ , here we start from a
lattice version of this model, with the Hamiltonian

H0(k)= ✏0(k)I4⇥4 +
5X

a=1

da(k)0a (2)

d1,2,...,5(k)= (A2 sinkx ,A2 sinky ,A1 sinkz ,M(k),0)

where ✏0(k) = C + 2D1 + 4D2 � 2D1 coskz � 2D2(coskx + cosky),
M(k) = M � 2B1 � 4B2 + 2B1 coskz + 2B2(coskx + cosky) and the
Dirac 0 matrices have the representation 0(1,2,3,4,5) = (�x ⌦ sx ,�x

⌦ sy ,�y ⌦ I2⇥2,�z ⌦ I2⇥2,�x ⌦ sz) in the basis of (|P1+
z
,"i,|P1+

z
,#i,

|P2�
z
, "i, |P2�

z
, #i).

P,T -breaking terms
The above Hamiltonian preserves both time-reversal symmetry T
and parity P . In the effectivemodel (2), the time-reversal and spatial
inversion transformation are defined as T = i(I2⇥2 ⌦ sy) · K (with
K being the complex conjugation operator) and P = �z ⌦ I2⇥2,
respectively. The axion field ✓ can be calculated by formula (1),
which gives 0 or ⇡ depending on the value of the parameters2,
as expected from time-reversal symmetry. Now we consider a
perturbation to the Hamiltonian (2) that can lead to deviation
of ✓ from 0 or ⇡. As ✓ is odd under time-reversal and parity
operation, only time-reversal- and parity-breaking perturbations
can induce a change of ✓ . By simple algebra, one can show
that to the leading order the T ,P-breaking perturbation must
have the form �H (k) = P

i=1,2,3,5 mi0
i. Thus, the perturbed

Hamiltonian can still be written as H (k) = P5
a=1 da(k)0

a with
da(k) = (A2 sinkx + m1,A2 sinky + m2,A1 sinkz + m3, M(k),m5).
For this model, equation (1) can be reduced to an explicit
expression for ✓ :

✓ = 1
4⇡

Z
d3k

2|d|+d4

(|d|+d4)2|d|3 ✏
ijkl
di@kx dj@ky dk@kz dl (3)

where i, j,k, l take values from 1,2,3,5 and |d| =
qP5

a=1dad
a.

More details about the derivation of this equation can be found
in the Methods section. Although there are four independent
parameters m1,2,3,5 in the T ,P-breaking term, only m5 leads to
a correction to ✓ to the linear order. Thus, in the following
we will take m1,2,3 = 0 without the loss of generality, and
leave only the m50

5 term. To see the physical meaning of the
m50

5 term, we change the basis to (|A,"i, |A,#i, |B,"i, |B,#i)
with |A, " (#)i = (1/

p
2)(|P1+

z
, " (#)i + |P2�

z
, " (#)i) and

|B," (#)i = (1/
p
2)(|P1+

z
," (#)i � |P2�

z
," (#)i). We see that

P|A," (#)i = |B," (#)i. Physically, |A," (#)i and |B," (#)i stand
for states of the two lattice sites in each unit cell, for example,
the two Bi atom sites in Bi2Te3, which are shifted away from
the inversion centre along the z direction. By transforming 05 to
the new basis, we see that it represents a staggered Zeeman field
that points in the +z(�z) direction on the A(B) sublattice. This
staggered Zeeman field can be generated by an antiferromagnetic
order, where electron spins point along opposite z directions on
two sublattices, as shown in Fig. 1.Without the05 term, topological
insulators have protected surface states consisting of an odd number
of massless Dirac cones. With broken time-reversal symmetry, a
direct consequence of the m50

5 term is that it opens a gap in
the surface-state spectrum. The surface-state gap is equal to m5,
independent of the orientation of the surface.
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Figure 1 | Crystal structure of Bi(Fe)2Se3. Crystal structure of Bi(Fe)2Se3

with three primitive lattice vectors denoted as t1,2,3. A quintuple layer with

Se1–Bi(Fe)1–Se2–Bi(Fe) 1
0
–Se1

0
is indicated in the orange rectangle. The

spin-ordering configuration giving rise to the 05 mass is indicated by the

black arrow, which is antiferromagnetic along the z direction and

ferromagnetic within the xy plane.

Dynamical axion in the antiferromagnetic phase
We have seen above that the axion field ✓ can deviate from
0 or ⇡ if the electrons are coupled to the antiferromagnetic
order parameter. Such a staggered field can be induced if an
antiferromagnetic long-range order is established in the system.
Physically, an antiferromagnetic ordered phase can be obtained
naturally if the screened Coulomb interaction of electrons becomes
strong. For example, in the Bi2Te3 family doped with magnetic
impurities such as Fe, the substitution of p electrons of Bi or Te by
d electrons of the magnetic impurities effectively enhanced the on-
site repulsion of electrons. In the basis (|A,"i,|A,#i,|B,"i,|B,#i)
the Hamiltonian with interaction can be written as

H =H0 +U

X

i

(niA"niA# +niB"niB#)+V

X

i

niAniB

in which the first term is the kinetic energy given by equation (2)
and the other two terms represent the on-site repulsion U and
the inter-site repulsion V between A and B sites. Possible ordered
phases resulting from the interaction include the ferromagnetic
phase where the spins on two sublattices A and B point in the
same direction, the antiferromagnetic phase where the spins on
two sublattices point in the opposite direction and the charge-
density wave. Correspondingly the order parameters are taken as
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Figure 2 |Axionic polariton and ATR experiment. a, The dispersion of the axionic polariton. The grey area indicates the forbidden band between

frequencies m and
p

m2 +b2 (see text), within which light cannot propagate in the sample. The red dotted line shows the bare photon dispersion ! = c0k.

b, Set-up for the ATR experiment. Without an external magnetic field, the incident light can transmit through the sample. c, When an external magnetic

field is applied parallel to the electric field of light, the incident light will be totally reflected if its frequency lies within the forbidden band.

the ferromagnetic order parameter M+ = 1/2(hSiAi + hSiBi), the
antiferromagnetic order parameter M� = 1/2(hSiAi � hSiBi) and
the charge-density-wave order parameter ⇢ = 1/2(hniAi � hniBi).
It is assumed that translational symmetry is preserved and all
of the order parameters are uniform in space. In the mean-
field approximation, we find that for a wide range of values for
band structure parameters M , A1,2 and B1,2, the system develops
antiferromagnetic order pointing in the z direction M� = M

�
0 ẑ

if the effect of U dominates that of V , which thus leads to
m5 =�(2/3)UM�

z
and axion field ✓ 6=0,⇡.

Axion electrodynamics
In the mean-field approximation, the antiferromagnetic phase has
a static axion field ✓ . However, the antiferromagnetic phase also has
amplitude and spin-wave excitations, which can induce fluctuations
of the axion field. The fluctuation of the Néel vectorM� can be gen-
erally written asM� = (M�

0 +�Mz(x,t ))ẑ+�Mx(x,t )x̂+�My(x,t )ŷ.
To the linear order, it can be shown from symmetry anal-
ysis that the fluctuation of the axion field depends only on
�Mz , because ✓ is a pseudo-scalar. In other words, we have
�✓(x, t ) = �m5(x, t )/g = �(2/3)U �Mz(x, t )/g , where the coeffi-
cient g can be determined from equation (3). The dispersion of the
amplitude mode �Mz(x,t ) can be obtained in the standard random
phase approximation, leading to a massive axion field �✓(x, t ).
Considering the coupling term ✓E·B of the axion with the elec-
tromagnetic field, the effective action describing the axion–photon
coupled system is given by

Stot = SMaxwell + Stopo + Saxion

= 1
8⇡

Z
d3xdt

✓
✏E2 � 1

µ
B2

◆
+ ↵

4⇡2

Z
d3xdt (✓0 +�✓)E ·B

+ g
2
J

Z
d3xdt [(@t�✓)2 � (vi@i�✓)2 �m

2�✓ 2] (4)

where J ,vi and m are the stiffness, velocity and mass of the
spin-wavemode �Mz , E andB are the electric field and themagnetic
field respectively and ✏ and µ are the dielectric constant and
magnetic permeability respectively. The second term describes the
topological coupling between the axion and the electromagnetic
field, with ↵ ⌘ e

2/h̄c being the fine-structure constant. The third
termdescribes the dynamics of themassive axion.Within themodel
we have adopted, the parameters J andm are given by

J =
Z

d3k
(2⇡)3

di(k)di(k)
16|d|5 , Jm

2 =
✓
2
3
UM

�
z

◆2Z d3k
(2⇡)3

1
4|d|3

where |d| =
pP5

a=1dad
a and the repeated index indicates summa-

tion with i= 1,2,3,4.

The axionic polariton
The dynamic axion field ✓ couples nonlinearly to the external
electromagnetic field combination E·B. When there is an externally
applied static and uniform magnetic field B0 parallel to the electric
field E of the photon, ✓ will couple linearly to E (ref. 13). In
condensed-matter systems, when a collective mode is coupled
linearly to photons, hybridized propagatingmodes called polaritons
emerge14. The polaritons can be coupled modes of optical phonons
and light through the electric dipole interaction, or coupled modes
of magnons and light through the magnetic dipole interaction.
Here we propose a new type of polariton—the axionic polariton,
which is the coupled mode of light and the axionic mode of an
antiferromagnet. The dispersion of the axionic polariton can be
obtained from the effective action (4), which leads to the following
linearized equation of motion15,16

@2

@t 2
E� c

02r2E+ ↵B0

⇡✏

@2

@t 2
�✓ = 0

@2

@t 2
�✓ �v

2r2�✓ +m
2
0�✓ � ↵B0

8⇡2g 2J
E= 0

where c
0 is the speed of light in the media and ✏ is the dielectric

constant. Compared with the photon, the dispersion of the axion
can be neglected, in which case the axionic polaritons have
the dispersion

!2
±(k) = 1

2

h
(c 02

k
2 +m

2 +b
2)

±
p
(c 02k2 +m2 +b2)2 �4c 02k2m2

i
(5)

with b
2 = ↵2B0

2/8⇡3✏g 2
J . As shown in Fig. 2a, this dispersion

spectrum consists of two branches separated by a gap between
m and

p
m2 +b2. The quantity b measures the coupling strength

between the axion field and the electric field and is proportional to
the external magnetic field B0. On turning on B0, the axionic mode
at k = 0 changes its frequency from m to

p
m2 +b2, owing to the

linear mixing between the axion and the photon field. Physically,
the axionic polariton is very similar to the transverse optical phonon
polariton, because the axion also leads to an extra contribution to
the charge polarization owing to the topological magneto-electric
effect2, P = ↵✓B0/⇡+ ✏E. The optical phonon polariton has the
same dispersion as equation (5), with the parameter b replaced by
the lattice unscreened plasmon frequency !p = p

4⇡ne⇤2/m⇤. The
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(by first-principles calculation)

It looks unlikely to be realized
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 Consistent determination of       is crucial for axion mass
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4. Conclusions



We have formulated static and dynamical axions in AFM TI 
consistently by using path integral 

• Dynamical axion appears both in TI and NI

• Axion mass is 

• Material search is crucial for the future axion search
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Discussion

• How do we describe axion in                     ?

• What about axion in NI ?

• Dynamical axion in ferromagnetic state or other 
magnetic states?

Mn2Bi2Te5
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Backups



Basics

• Wavefunction of electrons is periodic (due to the crystal 
structure of the material)

• Consequently there is periodicity in the wavenumber space

electron

nucleus

kx

ky

allowed  k

a
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translation vector

a). Insulators and metals



(     : reciprocal lattice vector)

• It is enough to consider region,                   (1st Brillouin zone)

• Periodicity                     corresponds to x ! x+ a

<latexit sha1_base64="kth0sWCXMe+VIv4+VXIcWlKddaM=">AAACF3icbZDLSsNAFIYn9VbrLepK3AwWQRRKIhVdFt24rGAv0IQymU7aoZNJmJkUQwg+hw/gVh/Bnbh16RP4Gk7TLGz1wDAf/38OZ+b3Ikalsqwvo7S0vLK6Vl6vbGxube+Yu3ttGcYCkxYOWSi6HpKEUU5aiipGupEgKPAY6Xjjm6nfmRAhacjvVRIRN0BDTn2KkdJS3zxwJt5p+pA5KizoLL9R1jerVs3KC/4Fu4AqKKrZN7+dQYjjgHCFGZKyZ1uRclMkFMWMZBUnliRCeIyGpKeRo4BIN82/kMFjrQygHwp9uIK5+nsiRYGUSeDpzgCpkVz0puJ/Xi9W/pWbUh7FinA8W+THDKoQTvOAAyoIVizRgLCg+q0Qj5BAWOnU5rZEo0RSLLOKTsZezOEvtM9rdr12cVevNq6LjMrgEByBE2CDS9AAt6AJWgCDR/AMXsCr8WS8Ge/Gx6y1ZBQz+2CujM8fBkGgYg==</latexit>

k ! k +K

<latexit sha1_base64="BIESg6odJk/Y2hWrXFjqYY9KUtQ=">AAACF3icbZDLSsNAFIYn9VbrLepK3ASLIAolkYoui24ENxXsBZpQJtNJO3QyE2YmhRCCz+EDuNVHcCduXfoEvobTNAtbPTDMx/+fw5n5/YgSqWz7yygtLa+srpXXKxubW9s75u5eW/JYINxCnHLR9aHElDDcUkRR3I0EhqFPcccf30z9zgQLSTh7UEmEvRAOGQkIgkpLffPAnfin6ThzFS/oLL/vsr5ZtWt2XtZfcAqogqKaffPbHXAUh5gpRKGUPceOlJdCoQiiOKu4scQRRGM4xD2NDIZYemn+hcw61srACrjQhykrV39PpDCUMgl93RlCNZKL3lT8z+vFKrjyUsKiWGGGZouCmFqKW9M8rAERGCmaaIBIEP1WC42ggEjp1Oa2RKNEEiSzik7GWczhL7TPa069dnFfrzaui4zK4BAcgRPggEvQALegCVoAgUfwDF7Aq/FkvBnvxsestWQUM/tgrozPH7gAoDI=</latexit>

K

<latexit sha1_base64="WUf+HSfMcEL2Ts7jr8aHAKlhe3o=">AAACA3icbVDLSsNAFL2pr1pfVZduBosgLkoiFV0W3QhuKtgHtKFMppN26GQSZiaFELL0A9zqJ7gTt36IX+BvOG2zsK0HLhzOuZd77/EizpS27W+rsLa+sblV3C7t7O7tH5QPj1oqjCWhTRLyUHY8rChngjY105x2Iklx4HHa9sZ3U789oVKxUDzpJKJugIeC+YxgbaR2b+JdpA9Zv1yxq/YMaJU4OalAjka//NMbhCQOqNCEY6W6jh1pN8VSM8JpVurFikaYjPGQdg0VOKDKTWfnZujMKAPkh9KU0Gim/p1IcaBUEnimM8B6pJa9qfif1421f+OmTESxpoLMF/kxRzpE09/RgElKNE8MwUQycysiIywx0SahhS3RKFGMqKxkknGWc1glrcuqU6tePdYq9ds8oyKcwCmcgwPXUId7aEATCIzhBV7hzXq23q0P63PeWrDymWNYgPX1CyTCmGE=</latexit>

kx

ky

K

<latexit sha1_base64="DVDGWHlFbNlP+MgQZ+35+T5gAHM=">AAACA3icdVDLSsNAFJ34rPVVdelmsAjiIiQ1aeuu6EZwU8E+oA1lMp22QyeTMDMphJClH+BWP8GduPVD/AJ/w+lDsKIHLhzOuZd77/EjRqWyrA9jZXVtfWMzt5Xf3tnd2y8cHDZlGAtMGjhkoWj7SBJGOWkoqhhpR4KgwGek5Y+vp35rQoSkIb9XSUS8AA05HVCMlJZa3Yl/nt5mvULRMsuVqnNhQ8u0quVSxdXEdUuXjg1t05qhCBao9wqf3X6I44BwhRmSsmNbkfJSJBTFjGT5bixJhPAYDUlHU44CIr10dm4GT7XSh4NQ6OIKztSfEykKpEwCX3cGSI3kb28q/uV1YjWoeinlUawIx/NFg5hBFcLp77BPBcGKJZogLKi+FeIREggrndDSlmiUSIplltfJfL8P/yfNkmk7pnvnFGtXi4xy4BicgDNggwqogRtQBw2AwRg8gifwbDwYL8ar8TZvXTEWM0dgCcb7F6PfmLQ=</latexit>

• The wavefunction of the electrons is given by
 (x) = uk(x)e

ik·x

<latexit sha1_base64="5DBBCIDV5vcg8rSqs0GvrqoJzTE="></latexit>

uk(x+ a) = uk(x)

<latexit sha1_base64="jt4g4dcAwsmKrEwqa4Dx2/WJqRw=">AAACMnicbZDLSsNAFIYn9VbjLerSzWARWoWSSEU3QtGNywr2Am0Ik+mkHTq5MDMphpAX8Tl8ALf6BroTF258CJM0C1t7YJiP/z+HM/PbAaNC6vq7UlpZXVvfKG+qW9s7u3va/kFH+CHHpI195vOejQRh1CNtSSUjvYAT5NqMdO3JbeZ3p4QL6nsPMgqI6aKRRx2KkUwlS2uEVjyY2qfxJEmqOTwmZ/mNkpp6vcStqaqlVfS6nhf8D0YBFVBUy9K+B0Mfhy7xJGZIiL6hB9KMEZcUM5Kog1CQAOEJGpF+ih5yiTDj/HcJPEmVIXR8nh5Pwlz9OxEjV4jItdNOF8mxWPQycZnXD6VzZcbUC0JJPDxb5IQMSh9mUcEh5QRLFqWAMKfpWyEeI46wTAOd2xKMI0GxSLJkjMUc/kPnvG406hf3jUrzpsioDI7AMagCA1yCJrgDLdAGGDyBF/AK3pRn5UP5VL5mrSWlmDkEc6X8/AKVl6pI</latexit>

where
(Bloch’s theorem)

Bloch function (state)

a). Insulators and metals

|k| . |K/2|

<latexit sha1_base64="kSVlEz11wtC8rLSzwqRqB1hgyw8=">AAACHHicbVDLSsNAFJ3UV62vqEtBBosgLmpSKrosuhHcVLAPaEKZTKft0JkkzEwKIc3O7/AD3OonuBO3gl/gbzhts7CtBy4czrmXe+/xQkalsqxvI7eyura+kd8sbG3v7O6Z+wcNGUQCkzoOWCBaHpKEUZ/UFVWMtEJBEPcYaXrD24nfHBEhaeA/qjgkLkd9n/YoRkpLHfMYjp2Rd54M07HDiJSS8ky5Ty/K445ZtErWFHCZ2Bkpggy1jvnjdAMcceIrzJCUbdsKlZsgoShmJC04kSQhwkPUJ21NfcSJdJPpHyk81UoX9gKhy1dwqv6dSBCXMuae7uRIDeSiNxH/89qR6l27CfXDSBEfzxb1IgZVACehwC4VBCsWa4KwoPpWiAdIIKx0dHNbwkEsKZZpQSdjL+awTBrlkl0pXT5UitWbLKM8OAIn4AzY4ApUwR2ogTrA4Am8gFfwZjwb78aH8TlrzRnZzCGYg/H1C3RSoiY=</latexit>



Hall conductivity:

an(k) ⌘ �i hunk|
@

@k
|unki

<latexit sha1_base64="MAGmt17twnRwDeGvm3D11LcoJME="></latexit>

TKNN formula n

<latexit sha1_base64="sWFS1OHPZ9ycR7Kk2kas3ZkBzz4=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVRKp6LLoxmUL9gFtKJPpTTt0MgkzEyGE4ge41U9wJ279Fr/A33DaZmFbD1w4nHMv997jx5wp7TjfVmFjc2t7p7hb2ts/ODwqH5+0VZRIii0a8Uh2faKQM4EtzTTHbiyRhD7Hjj+5n/mdJ5SKReJRpzF6IRkJFjBKtJGaYlCuOFVnDnuduDmpQI7GoPzTH0Y0CVFoyolSPdeJtZcRqRnlOC31E4UxoRMywp6hgoSovGx+6NS+MMrQDiJpSmh7rv6dyEioVBr6pjMkeqxWvZn4n9dLdHDrZUzEiUZBF4uChNs6smdf20MmkWqeGkKoZOZWm46JJFSbbJa2xONUMaqmJZOMu5rDOmlfVd1a9bpZq9Tv8oyKcAbncAku3EAdHqABLaCA8AKv8GY9W+/Wh/W5aC1Y+cwpLMH6+gW7S5Xy</latexit>

: label of band
: Bloch state

Thouless, Kohmoto, Nightingale, den Nijs ’82

= ⌫
e2

h

<latexit sha1_base64="rDLDHNEfZ1q3Ig9brTxMEH5GLok=">AAACEHicbZDLSsNAFIYn9VbrLdalm8EiuCpJqehGKLpxWcFeoIllMp00QyeTMDMRQ8hL+ABu9RHciVvfwCfwNZy2WdjWHw78/OcczuHzYkalsqxvo7S2vrG5Vd6u7Ozu7R+Yh9WujBKBSQdHLBJ9D0nCKCcdRRUj/VgQFHqM9LzJzbTfeyRC0ojfqzQmbojGnPoUI6WjoVm9cngCHV8gnJGHRp4F+dCsWXVrJrhq7MLUQKH20PxxRhFOQsIVZkjKgW3Fys2QUBQzklecRJIY4Qkak4G2HIVEutns9xye6mQE/Ujo4grO0r8bGQqlTENPT4ZIBXK5Nw3/6w0S5V+6GeVxogjH80N+wqCK4BQEHFFBsGKpNggLqn+FOECag9K4Fq7EQSoplnlFk7GXOayabqNuN+vnd81a67pgVAbH4AScARtcgBa4BW3QARg8gRfwCt6MZ+Pd+DA+56Mlo9g5Agsyvn4BMSidQA==</latexit>

⌫ ⌘
X

n

Z

BZ

d2k

2⇡
[rk ⇥ an(k)]z

<latexit sha1_base64="cqAfoQwiBXnEOOnFISdeaYdz84s="></latexit>

|unki

<latexit sha1_base64="1IlAcfwSCkODmO3ONOBotx0mtNE=">AAACEHicbVDLSsNAFJ34rPUV69LNYBHERUmkosuiG5cV7AOaECbTSTtkMgkzk2II+Qk/wK1+gjtx6x/4Bf6G0zYL23rgwuGcezmX4yeMSmVZ38ba+sbm1nZlp7q7t39waB7VujJOBSYdHLNY9H0kCaOcdBRVjPQTQVDkM9Lzw7up35sQIWnMH1WWEDdCI04DipHSkmfWnJCoPPVy7kz8izwsisIz61bDmgGuErskdVCi7Zk/zjDGaUS4wgxJObCtRLk5EopiRoqqk0qSIByiERloylFEpJvPfi/gmVaGMIiFHq7gTP17kaNIyizy9WaE1Fgue1PxP2+QquDGzSlPUkU4ngcFKYMqhtMi4JAKghXLNEFYUP0rxGMkEFa6roWUZJxJimVR1c3Yyz2sku5lw242rh6a9dZt2VEFnIBTcA5scA1a4B60QQdg8ARewCt4M56Nd+PD+JyvrhnlzTFYgPH1C1XmnfI=</latexit>

 is given by (half-) integerν
“(Integer) QH effect”

�xy ⌘ hjxi /Ey

<latexit sha1_base64="p5kEIOKEiDZtiv8NPHV6xdDBvQk=">AAACH3icbVDLSsNAFJ3UV62vqEs30SK4qolUdOGiIILLCvYBTQiT6W07dvJwZlIaQtZ+hx/gVj/BnbjtF/gbTh8L23rgwuGce7n3Hi9iVEjTHGm5ldW19Y38ZmFre2d3T98/qIsw5gRqJGQhb3pYAKMB1CSVDJoRB+x7DBpe/3bsNwbABQ2DR5lE4Pi4G9AOJVgqydWPbUG7PnbTYZLZ8BzTgQ3DaIBZ+uQOs/M7N3H1olkyJzCWiTUjRTRD1dV/7HZIYh8CSRgWomWZkXRSzCUlDLKCHQuIMOnjLrQUDbAPwkknr2TGqVLaRifkqgJpTNS/Eyn2hUh8T3X6WPbEojcW//NasexcOykNolhCQKaLOjEzZGiMczHalAORLFEEE07VrQbpYY6JVOnNbYl6iaBEZAWVjLWYwzKpX5SscunyoVys3MwyyqMjdILOkIWuUAXdoyqqIYJe0Bt6Rx/aq/apfWnf09acNps5RHPQRr/gq6Sb</latexit>

b). Quantum Hall effect



Spin-orbit coupling (SOC)

Electrons with spin up or down are scattered off 
to the opposite directions

e.g.,

V(r)

c). Topological insulators

HSO = V (r)L · S

<latexit sha1_base64="BqC94Ui0XZs3HzzfeuBKhVJhPR4=">AAACInicbVDLSsNAFJ3UV62vqEs3g1WoLkoiFd0IRTddCFZqH9CEMJlM2qGTBzOTQgn5Ab/DD3Crn+BOXAnu/Q2nj4WtHrhw5px7uXOPGzMqpGF8arml5ZXVtfx6YWNza3tH391riSjhmDRxxCLecZEgjIakKalkpBNzggKXkbY7uBn77SHhgkbhgxzFxA5QL6Q+xUgqydGPak5q8QA27rLCVavET6yhe5reZtbQiyScPBqZox eNsjEB/EvMGSmCGeqO/m15EU4CEkrMkBBd04ilnSIuKWYkK1iJIDHCA9QjXUVDFBBhp5NrMnisFA/6EVcVSjhRf0+kKBBiFLiqM0CyLxa9sfif102kf2mnNIwTSUI8XeQnDMoIjqOBHuUESzZSBGFO1V8h7iOOsFQBzm2J+yNBscgKKhlzMYe/pHVWNivl8/tKsXo9yygPDsAhKAETXIAqqIE6aAIMHsEzeAGv2pP2pr1rH9PWnDab2Qdz0L5+AGkHo5M=</latexit>



Keywords for topological insulators

• Strong spin-orbit coupling (SOC)
• Time reversal invariance (    )T

<latexit sha1_base64="bsCY4WzzfJgi/Jj41eGVxv09Pas=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgqiRS0WXRjcsKfUEbymQ6aYdOJmFmIoSQrR/gVj/Bnbj1P/wCf8NJm4VtPXDhcM693HuPF3GmtG1/W6WNza3tnfJuZW//4PCoenzSVWEsCe2QkIey72FFORO0o5nmtB9JigOP0543u8/93hOVioWirZOIugGeCOYzgrWR+umQYI7a2ahas+v2HGidOAWpQYHWqPozHIckDqjQhGOlBo4daTfFUjPCaVYZxopGmMzwhA4MFTigyk3n92bowihj5IfSlNBorv6dSHGgVBJ4pjPAeqpWvVz8zxvE2r91UyaiWFNBFov8mCMdovx5NGaSEs0TQzCRzNyKyBRLTLSJaGlLNE0UIyqrmGSc1RzWSfeq7jTq14+NWvOuyKgMZ3AOl+DADTThAVrQAQIcXuAV3qxn6936sD4XrSWrmDmFJVhfv9fZmMI=</latexit>

c). Topological insulators



Keywords for topological insulators

• Time reversal invariance (    )

E

spin current

 breaks     but the combination of  and  keeps B B −B

T

<latexit sha1_base64="bsCY4WzzfJgi/Jj41eGVxv09Pas=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgqiRS0WXRjcsKfUEbymQ6aYdOJmFmIoSQrR/gVj/Bnbj1P/wCf8NJm4VtPXDhcM693HuPF3GmtG1/W6WNza3tnfJuZW//4PCoenzSVWEsCe2QkIey72FFORO0o5nmtB9JigOP0543u8/93hOVioWirZOIugGeCOYzgrWR+umQYI7a2ahas+v2HGidOAWpQYHWqPozHIckDqjQhGOlBo4daTfFUjPCaVYZxopGmMzwhA4MFTigyk3n92bowihj5IfSlNBorv6dSHGgVBJ4pjPAeqpWvVz8zxvE2r91UyaiWFNBFov8mCMdovx5NGaSEs0TQzCRzNyKyBRLTLSJaGlLNE0UIyqrmGSc1RzWSfeq7jTq14+NWvOuyKgMZ3AOl+DADTThAVrQAQIcXuAV3qxn6936sD4XrSWrmDmFJVhfv9fZmMI=</latexit>

T

<latexit sha1_base64="kf1hmql2eCRvu3Hegb1CtcHPpqc="></latexit>

T

<latexit sha1_base64="kf1hmql2eCRvu3Hegb1CtcHPpqc="></latexit>

c). Topological insulators

T

<latexit sha1_base64="bsCY4WzzfJgi/Jj41eGVxv09Pas=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgqiRS0WXRjcsKfUEbymQ6aYdOJmFmIoSQrR/gVj/Bnbj1P/wCf8NJm4VtPXDhcM693HuPF3GmtG1/W6WNza3tnfJuZW//4PCoenzSVWEsCe2QkIey72FFORO0o5nmtB9JigOP0543u8/93hOVioWirZOIugGeCOYzgrWR+umQYI7a2ahas+v2HGidOAWpQYHWqPozHIckDqjQhGOlBo4daTfFUjPCaVYZxopGmMzwhA4MFTigyk3n92bowihj5IfSlNBorv6dSHGgVBJ4pjPAeqpWvVz8zxvE2r91UyaiWFNBFov8mCMdovx5NGaSEs0TQzCRzNyKyBRLTLSJaGlLNE0UIyqrmGSc1RzWSfeq7jTq14+NWvOuyKgMZ3AOl+DADTThAVrQAQIcXuAV3qxn6936sD4XrSWrmDmFJVhfv9fZmMI=</latexit>

T

<latexit sha1_base64="bsCY4WzzfJgi/Jj41eGVxv09Pas=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgqiRS0WXRjcsKfUEbymQ6aYdOJmFmIoSQrR/gVj/Bnbj1P/wCf8NJm4VtPXDhcM693HuPF3GmtG1/W6WNza3tnfJuZW//4PCoenzSVWEsCe2QkIey72FFORO0o5nmtB9JigOP0543u8/93hOVioWirZOIugGeCOYzgrWR+umQYI7a2ahas+v2HGidOAWpQYHWqPozHIckDqjQhGOlBo4daTfFUjPCaVYZxopGmMzwhA4MFTigyk3n92bowihj5IfSlNBorv6dSHGgVBJ4pjPAeqpWvVz8zxvE2r91UyaiWFNBFov8mCMdovx5NGaSEs0TQzCRzNyKyBRLTLSJaGlLNE0UIyqrmGSc1RzWSfeq7jTq14+NWvOuyKgMZ3AOl+DADTThAVrQAQIcXuAV3qxn6936sD4XrSWrmDmFJVhfv9fZmMI=</latexit>

T

<latexit sha1_base64="bsCY4WzzfJgi/Jj41eGVxv09Pas=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgqiRS0WXRjcsKfUEbymQ6aYdOJmFmIoSQrR/gVj/Bnbj1P/wCf8NJm4VtPXDhcM693HuPF3GmtG1/W6WNza3tnfJuZW//4PCoenzSVWEsCe2QkIey72FFORO0o5nmtB9JigOP0543u8/93hOVioWirZOIugGeCOYzgrWR+umQYI7a2ahas+v2HGidOAWpQYHWqPozHIckDqjQhGOlBo4daTfFUjPCaVYZxopGmMzwhA4MFTigyk3n92bowihj5IfSlNBorv6dSHGgVBJ4pjPAeqpWvVz8zxvE2r91UyaiWFNBFov8mCMdovx5NGaSEs0TQzCRzNyKyBRLTLSJaGlLNE0UIyqrmGSc1RzWSfeq7jTq14+NWvOuyKgMZ3AOl+DADTThAVrQAQIcXuAV3qxn6936sD4XrSWrmDmFJVhfv9fZmMI=</latexit>

• Strong spin-orbit coupling (SOC)



Keywords for topological insulators

Strong SOC is crucial for the realization

• Time reversal invariance (    )T

c). Topological insulators

• Strong spin-orbit coupling (SOC)



Example of 2D TI: HgTe/(Hg , Cd) König et al. ’07

CdTe CdTeHgTe CdTe CdTeHgTe

NI TI

Band inversion happens in the energy band of HgTe

c). Topological insulators

Thicker HgTe layer
(stronger SOC)



Magnetoelectric (ME) effect

- Electric field (    ) induces magnetization 
- Magnetic field (    ) induces electric polarization

d). Magnetoelectric effect

predicted by Landau&Lifshitz 

M

<latexit sha1_base64="yu1/BhEedgp23lZKL++qPoc7/Xs=">AAACA3icbVDLSsNAFL2pr1pfVZduBosgLkoiFV0W3bgRKtgHtKFMppN26GQSZiaFELL0A9zqJ7gTt36IX+BvOG2zsK0HLhzOuZd77/EizpS27W+rsLa+sblV3C7t7O7tH5QPj1oqjCWhTRLyUHY8rChngjY105x2Iklx4HHa9sZ3U789oVKxUDzpJKJugIeC+YxgbaR2b+JdpA9Zv1yxq/YMaJU4OalAjka//NMbhCQOqNCEY6W6jh1pN8VSM8JpVurFikaYjPGQdg0VOKDKTWfnZujMKAPkh9KU0Gim/p1IcaBUEnimM8B6pJa9qfif1421f+OmTESxpoLMF/kxRzpE09/RgElKNE8MwUQycysiIywx0SahhS3RKFGMqKxkknGWc1glrcuqU6tePdYq9ds8oyKcwCmcgwPXUId7aEATCIzhBV7hzXq23q0P63PeWrDymWNYgPX1Cyf2mGM=</latexit>

E

<latexit sha1_base64="D/Pef55zbEW96jHGVUfp2FltoRU=">AAACA3icbVDLSsNAFL2pr1pfVZduBosgLkoiFV0WRXBZwT6gDWUynbRDJ5MwMymEkKUf4FY/wZ249UP8An/DaZuFbT1w4XDOvdx7jxdxprRtf1uFtfWNza3idmlnd2//oHx41FJhLAltkpCHsuNhRTkTtKmZ5rQTSYoDj9O2N76b+u0JlYqF4kknEXUDPBTMZwRrI7V7E+8ivc/65YpdtWdAq8TJSQVyNPrln94gJHFAhSYcK9V17Ei7KZaaEU6zUi9WNMJkjIe0a6jAAVVuOjs3Q2dGGSA/lKaERjP170SKA6WSwDOdAdYjtexNxf+8bqz9GzdlIoo1FWS+yI850iGa/o4GTFKieWIIJpKZWxEZYYmJNgktbIlGiWJEZSWTjLOcwyppXVadWvXqsVap3+YZFeEETuEcHLiGOjxAA5pAYAwv8Apv1rP1bn1Yn/PWgpXPHMMCrK9fGyaYWw==</latexit>

P

<latexit sha1_base64="K6HhIax+ZomFtd9dU63ClrvaGMM=">AAACA3icbVDLSsNAFL2pr1pfVZduBosgLkoiLbosunFZwT6gDWUynbRDJ5MwMymEkKUf4FY/wZ249UP8An/DaZuFbT1w4XDOvdx7jxdxprRtf1uFjc2t7Z3ibmlv/+DwqHx80lZhLAltkZCHsuthRTkTtKWZ5rQbSYoDj9OON7mf+Z0plYqF4kknEXUDPBLMZwRrI3X6U+8qbWaDcsWu2nOgdeLkpAI5moPyT38YkjigQhOOleo5dqTdFEvNCKdZqR8rGmEywSPaM1TggCo3nZ+boQujDJEfSlNCo7n6dyLFgVJJ4JnOAOuxWvVm4n9eL9b+rZsyEcWaCrJY5Mcc6RDNfkdDJinRPDEEE8nMrYiMscREm4SWtkTjRDGispJJxlnNYZ20r6tOrVp/rFUad3lGRTiDc7gEB26gAQ/QhBYQmMALvMKb9Wy9Wx/W56K1YOUzp7AE6+sXLMSYZg==</latexit>

B

<latexit sha1_base64="iBJmN+6NGYKvZrWulNc+Z4VkGX4=">AAACA3icbVDLSsNAFL2pr1pfVZduBosgLkoiFV2WunFZwT6gDWUynbRDJ5MwMymEkKUf4FY/wZ249UP8An/DaZuFbT1w4XDOvdx7jxdxprRtf1uFjc2t7Z3ibmlv/+DwqHx80lZhLAltkZCHsuthRTkTtKWZ5rQbSYoDj9OON7mf+Z0plYqF4kknEXUDPBLMZwRrI3X6U+8qbWSDcsWu2nOgdeLkpAI5moPyT38YkjigQhOOleo5dqTdFEvNCKdZqR8rGmEywSPaM1TggCo3nZ+boQujDJEfSlNCo7n6dyLFgVJJ4JnOAOuxWvVm4n9eL9b+nZsyEcWaCrJY5Mcc6RDNfkdDJinRPDEEE8nMrYiMscREm4SWtkTjRDGispJJxlnNYZ20r6tOrXrzWKvUG3lGRTiDc7gEB26hDg/QhBYQmMALvMKb9Wy9Wx/W56K1YOUzp7AE6+sXFliYWA==</latexit>

discovered by Dzyaloshinskii ’60

Mj = ↵ijEi

Pi = ↵ijBj

<latexit sha1_base64="aN5c0Jc6/c5xsOgbjtEKv5r7oMU=">AAACKHicbVDLSsNAFJ3UV42vqks3g0URFyWRim6EUhHcCBXsA5oQJtNpO+0kGWYmQgj9B7/DD3Crn+BOunXjbzhts7CtBy4czrmXe+/xOaNSWdbYyK2srq1v5DfNre2d3b3C/kFDRrHApI4jFomWjyRhNCR1RRUjLS4ICnxGmv7wduI3n4mQNAqfVMKJG6BeSLsUI6Ulr3D+4A1ObxzEeB95KR2M7jwKHceseXROrnoDr1C0StYUcJnYGSmCDDWv8ON0IhwHJFSYISnbtsWVmyKhKGZkZDqxJBzhIeqRtqYhCoh00+lPI3iilQ7sRkJXqOBU/TuRokDKJPB1Z4BUXy56E/E/rx2r7rWb0pDHioR4tqgbM6giOAkIdqggWLFEE4QF1bdC3EcCYaVjnNvC+4mkWI5MnYy9mMMyaVyU7HLp8rFcrFSzjPLgCByDM2CDK1AB96AG6gCDF/AG3sGH8Wp8Gl/GeNaaM7KZQzAH4/sXq4SmVQ==</latexit>

Mi = � 1

V

@F

@Ei

����
B=0

<latexit sha1_base64="nf7uHIElopUk5HQ3OQFItn63xAg="></latexit>

Pi = � 1

V

@F

@Bi

����
E=0

<latexit sha1_base64="GZsfU5GbTVe0ARR9CKFH9QONFyQ="></latexit>

↵ij

<latexit sha1_base64="TDa6ahlmAJSpfdQ3GnozB/AC3P0=">AAACB3icbVDLSgMxFM3UV62vqks3wSK4KjNS0WXRjcsK9gHToWTSTCc2k4QkIwxDP8APcKuf4E7c+hl+gb9h2s7Cth64cDjnXu69J5SMauO6305pbX1jc6u8XdnZ3ds/qB4edbRIFSZtLJhQvRBpwignbUMNIz2pCEpCRrrh+Hbqd5+I0lTwB5NJEiRoxGlEMTJW8vuIyRgNcvo4GVRrbt2dAa4SryA1UKA1qP70hwKnCeEGM6S177nSBDlShmJGJpV+qolEeIxGxLeUo4ToIJ+dPIFnVhnCSChb3MCZ+nciR4nWWRLazgSZWC97U/E/z09NdB3klMvUEI7ni6KUQSPg9H84pIpgwzJLEFbU3gpxjBTCxqa0sEXGmaZYTyo2GW85h1XSuah7jfrlfaPWvCkyKoMTcArOgQeuQBPcgRZoAwwEeAGv4M15dt6dD+dz3lpyipljsADn6xfXtJp0</latexit>

: constant

F = � 1

µ0c

Z
d3x ↵ijEiBj

<latexit sha1_base64="0EwzPJWnwDT8GOomXYsLk3ZMZNc="></latexit>



ΠέεΨϱઊԓରɼφϛϫζΩϩుްـࣕـՎ

͞ΠέεΨϱઊԓର͟

ʹ͑ΏͮͱɽΝؔۯదͶ
ͤޜΖ͖?

ș = S
ș = 0

ՎްـࣕـԿుࢢྖ

X.-L. Qi, T. L. Hughes, S.-C. Zhang,
PRB 78, 195424 (2008)

3D TI cylinder coated with magnetization directing outside

Hall current

Half-integer AQH current

The current induces magnetization 
in  directionz

d). Magnetoelectric effect

↵

<latexit sha1_base64="7hpspwHFye0jxbSFNdvB8WcOCVk=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexKRI9BLx4jmAckS+idzGbHzM4OM7PCEnLzA7zqJ3gTr/6IX+BvOEn2YBILGoqqbrq7AsmZNq777RTW1jc2t4rbpZ3dvf2D8uFRSyepIrRJEp6oTgCaciZo0zDDaUcqCnHAaTsY3U799hNVmiXiwWSS+jEMBQsZAWOlVg+4jKBfrrhVdwa8SrycVFCORr/80xskJI2pMISD1l3PlcYfgzKMcDop9VJNJZARDGnXUgEx1f54du0En1llgMNE2RIGz9S/E2OItc7iwHbGYCK97E3F/7xuasJrf8yETA0VZL4oTDk2CZ6+jgdMUWJ4ZgkQxeytmESggBgb0MIWGWWaET0p2WS85RxWSeui6tWql/e1Sv0mz6iITtApOkceukJ1dIcaqIkIekQv6BW9Oc/Ou/PhfM5bC04+c4wW4Hz9ApkomBg=</latexit>

: fine-structure constant

magnetization

TI

M = ± ↵

µ0c
E

<latexit sha1_base64="48T560gPwTMqcNttI+g3uZlWlLY="></latexit>

Qi, Hughes, Zhang ’08



Hall current

Half-integer AQH current

The current induces magnetization 
in  directionz

d). Magnetoelectric effect

↵

<latexit sha1_base64="7hpspwHFye0jxbSFNdvB8WcOCVk=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexKRI9BLx4jmAckS+idzGbHzM4OM7PCEnLzA7zqJ3gTr/6IX+BvOEn2YBILGoqqbrq7AsmZNq777RTW1jc2t4rbpZ3dvf2D8uFRSyepIrRJEp6oTgCaciZo0zDDaUcqCnHAaTsY3U799hNVmiXiwWSS+jEMBQsZAWOlVg+4jKBfrrhVdwa8SrycVFCORr/80xskJI2pMISD1l3PlcYfgzKMcDop9VJNJZARDGnXUgEx1f54du0En1llgMNE2RIGz9S/E2OItc7iwHbGYCK97E3F/7xuasJrf8yETA0VZL4oTDk2CZ6+jgdMUWJ4ZgkQxeytmESggBgb0MIWGWWaET0p2WS85RxWSeui6tWql/e1Sv0mz6iITtApOkceukJ1dIcaqIkIekQv6BW9Oc/Ou/PhfM5bC04+c4wW4Hz9ApkomBg=</latexit>

: fine-structure constant

M = ± ↵

µ0c
E

<latexit sha1_base64="48T560gPwTMqcNttI+g3uZlWlLY="></latexit>

The coefficient is given by 
fine-structure constant

Qi, Hughes, Zhang ’08

3D TI cylinder coated with magnetization directing outside

ΠέεΨϱઊԓରɼφϛϫζΩϩుްـࣕـՎ

͞ΠέεΨϱઊԓର͟

ʹ͑ΏͮͱɽΝؔۯదͶ
ͤޜΖ͖?

ș = S
ș = 0

ՎްـࣕـԿుࢢྖ

X.-L. Qi, T. L. Hughes, S.-C. Zhang,
PRB 78, 195424 (2008)

magnetization

TI



This ME effect can be understood from the following free energy:

✓ = ±⇡

<latexit sha1_base64="6y0+OuE22P1uwcSsJFHCRXVkQGA=">AAACCnicbVDLSsNAFJ3UV62vqks3g0VwVRJRdCMU3bisYB/QxDKZTpqhk2SYuRFC6B/4AW71E9yJW3/CL/A3nLZZ2NYDFw7n3Mu5HF8KrsG2v63Syura+kZ5s7K1vbO7V90/aOskVZS1aCIS1fWJZoLHrAUcBOtKxUjkC9bxR7cTv/PElOZJ/ACZZF5EhjEPOCVgpEcXQgbk2pURdiXvV2t23Z4CLxOnIDVUoNmv/riDhKYRi4EKonXPsSV4OVHAqWDjiptqJgkdkSHrGRqTiGkvn349xidGGeAgUWZiwFP170VOIq2zyDebEYFQL3oT8T+vl0Jw5eU8limwmM6CglRgSPCkAjzgilEQmSGEKm5+xTQkilAwRc2lyDDTnOpxxTTjLPawTNpndee8fnF/XmvcFB2V0RE6RqfIQZeoge5QE7UQRQq9oFf0Zj1b79aH9TlbLVnFzSGag/X1C266m0M=</latexit>

with

d). Magnetoelectric effect

F✓ = � 1

µ0

Z
d3x

↵

c⇡
✓ E ·B

<latexit sha1_base64="cHAsUjm2vDIahGALPh7uBW/Cyq0="></latexit>



This ME effect can be understood from the following free energy:

✓ = ±⇡

<latexit sha1_base64="6y0+OuE22P1uwcSsJFHCRXVkQGA=">AAACCnicbVDLSsNAFJ3UV62vqks3g0VwVRJRdCMU3bisYB/QxDKZTpqhk2SYuRFC6B/4AW71E9yJW3/CL/A3nLZZ2NYDFw7n3Mu5HF8KrsG2v63Syura+kZ5s7K1vbO7V90/aOskVZS1aCIS1fWJZoLHrAUcBOtKxUjkC9bxR7cTv/PElOZJ/ACZZF5EhjEPOCVgpEcXQgbk2pURdiXvV2t23Z4CLxOnIDVUoNmv/riDhKYRi4EKonXPsSV4OVHAqWDjiptqJgkdkSHrGRqTiGkvn349xidGGeAgUWZiwFP170VOIq2zyDebEYFQL3oT8T+vl0Jw5eU8limwmM6CglRgSPCkAjzgilEQmSGEKm5+xTQkilAwRc2lyDDTnOpxxTTjLPawTNpndee8fnF/XmvcFB2V0RE6RqfIQZeoge5QE7UQRQq9oFf0Zj1b79aH9TlbLVnFzSGag/X1C266m0M=</latexit>

with

d). Magnetoelectric effect

 is called static axionθ = ± π

� ↵

4⇡
✓Fµ⌫ F̃

µ⌫

<latexit sha1_base64="UAHC1xNeHPaVYNbeUvBoo6ZrgRo="></latexit>

(  in NI )θ = 0

F✓ = � 1

µ0

Z
d3x

↵

c⇡
✓ E ·B

<latexit sha1_base64="cHAsUjm2vDIahGALPh7uBW/Cyq0="></latexit>



Effective potential for ϕ

|d0|2 =
4X

a=1

|da|2

<latexit sha1_base64="vYu29F5FXRdT6R3UhIre66WXPS8=">AAACGXicbVDLSsNAFJ3UV62vqMtuBovgqiSloptC0Y3LCvYBbRomk0k7dPJgZiKENAu/ww9wq5/gTty68gv8DadtFrb1wIXDOfdy7z1OxKiQhvGtFTY2t7Z3irulvf2DwyP9+KQjwphj0sYhC3nPQYIwGpC2pJKRXsQJ8h1Gus7kduZ3HwkXNAweZBIRy0ejgHoUI6kkWy9PXduYDmuNgYh9O0UNMxvWp+4QKc3WK0bVmAOuEzMnFZCjZes/AzfEsU8CiRkSom8akbRSxCXFjGSlQSxIhPAEjUhf0QD5RFjp/IkMnivFhV7IVQUSztW/EynyhUh8R3X6SI7FqjcT//P6sfSurZQGUSxJgBeLvJhBGcJZItClnGDJEkUQ5lTdCvEYcYSlym1pSzROBMUiK6lkzNUc1kmnVjXr1cv7eqV5k2dUBGVwBi6ACa5AE9yBFmgDDJ7AC3gFb9qz9q59aJ+L1oKWz5yCJWhfv3NwoIU=</latexit>

Negative potential

The mass term stabilizes the potential

KI ’21

V� = �2

Z
d3k

(2⇡)3
(
p
|d0|2 + �2 � |d0|) +M2

��
2

<latexit sha1_base64="Bo+Ab5jWAV+u+mmKCRv3NAWkv6o="></latexit>

M2
� =

Z
d3k

(2⇡)3
2

U

<latexit sha1_base64="tHu9ChE2B5KpSk180zr3V2KqXMw="></latexit>



Derivation as chiral anomaly

M(k) = M � 2B1 � 4B2 + 2B1 cos kz + 2B2(cos kx + cos ky)

<latexit sha1_base64="QXxWo4Qmy8cN03AKaFuP9U4hDTY="></latexit>

(d1, d2, d3, d4, d5) = (A2 sin kx, A2 sin ky, A1 sin kz, M(k), �)

<latexit sha1_base64="l2PEQ4rr9ctUDG0iv7WeWAP/8CU="></latexit>

H(k) =
5X

a=1

d
a(k)�a

<latexit sha1_base64="OI0Wd5tKDCeghaXLyhy+cKuf/Xw="></latexit>



Derivation as chiral anomaly

M(k) = M � 2B1 � 4B2 + 2B1 cos kz + 2B2(cos kx + cos ky)

<latexit sha1_base64="QXxWo4Qmy8cN03AKaFuP9U4hDTY="></latexit>

(d1, d2, d3, d4, d5) = (A2 sin kx, A2 sin ky, A1 sin kz, M(k), �)

<latexit sha1_base64="l2PEQ4rr9ctUDG0iv7WeWAP/8CU="></latexit>

H(k) =
5X

a=1

d
a(k)�a

<latexit sha1_base64="OI0Wd5tKDCeghaXLyhy+cKuf/Xw="></latexit>

- expand around

H(k) = kx�
1 + ky�

2 + ky�
3 +M�4 + ��5

<latexit sha1_base64="XoX8EC2gT3eYgIiRhg+Rnd3Y3ks="></latexit>

- redefine k

<latexit sha1_base64="MWZwQVvRem9k8MQIqoVnyUndbqM=">AAACA3icdVDLSsNAFL2pr1pfVZduBosgLkoiFV0W3bisYB/QhjKZTtohk0mYmRRCyNIPcKuf4E7c+iF+gb/h9CG0Pg5cOJxzL/fe48WcKW3bH1ZhZXVtfaO4Wdra3tndK+8ftFSUSEKbJOKR7HhYUc4EbWqmOe3EkuLQ47TtBTcTvz2mUrFI3Os0pm6Ih4L5jGBtpHZv7J1lQd4vV5yqPQWyf5FvqwJzNPrlz94gIklIhSYcK9V17Fi7GZaaEU7zUi9RNMYkwEPaNVTgkCo3m56boxOjDJAfSVNCo6m6OJHhUKk09ExniPVI/fQm4l9eN9H+lZsxESeaCjJb5Ccc6QhNfkcDJinRPDUEE8nMrYiMsMREm4SWtsSjVDGi8tJiMv+T1nnVqVUv7mqV+vU8oyIcwTGcggOXUIdbaEATCATwCE/wbD1YL9ar9TZrLVjzmUNYgvX+BVmXmII=</latexit>

“Dirac model”

k = 0

<latexit sha1_base64="Wt725lYbuQhseo+0M05cRddFjX0=">AAACBXicdVDLSsNAFL2pr1pfVZdugkUQFyWRim6EohuXFexD2lAm00k7dGYSZiaFELL2A9zqJ7gTt36HX+BvOH0IrY8DFw7n3Mu99/gRo0o7zoeVW1peWV3Lrxc2Nre2d4q7ew0VxhKTOg5ZKFs+UoRRQeqaakZakSSI+4w0/eH12G+OiFQ0FHc6iYjHUV/QgGKkjXTfGfkn6TC7dLrFklt2JrCdX+TbKsEMtW7xs9MLccyJ0JghpdquE2kvRVJTzEhW6MSKRAgPUZ+0DRWIE+Wlk4Mz+8goPTsIpSmh7Yk6P5EirlTCfdPJkR6on95Y/Mtrxzq48FIqolgTgaeLgpjZOrTH39s9KgnWLDEEYUnNrTYeIImwNhktbIkGiaJYZYX5ZP4njdOyWymf3VZK1atZRnk4gEM4BhfOoQo3UIM6YODwCE/wbD1YL9ar9TZtzVmzmX1YgPX+BVeWmQM=</latexit>



H(k) = kx�
1 + ky�

2 + ky�
3 +M�4 + ��5

<latexit sha1_base64="XoX8EC2gT3eYgIiRhg+Rnd3Y3ks="></latexit>

Unitary transformation of the basis

S =

Z
d4x  ̄[i�µ(@µ � ieAµ)�M � i��5] 

<latexit sha1_base64="+hloZgLa6e0lw51HpxlIFDndEEo="></latexit>

ŨH(k)Ũ † = �(� · k +M + ��5)

<latexit sha1_base64="bErdYwZNi4gIvmnJqvZFDeoO6oc="></latexit>

reduces to �5�

<latexit sha1_base64="0CjqRJVAc59v55yOTTVoQo/pktQ=">AAACCHicdVDLSgMxFM3UV62vqks3wSK4KjPSosuiC11WsA/ojCWTZjqhSSYkGWEY+gN+gFv9BHfi1r/wC/wN04dgfRy4cDjnXs7lhJJRbVz33SksLa+srhXXSxubW9s75d29tk5ShUkLJyxR3RBpwqggLUMNI12pCOIhI51wdDHxO3dEaZqIG5NJEnA0FDSiGBkr+f4l4hzd1n0Z03654lXdKaD7i3xZFTBHs1/+8AcJTjkRBjOkdc9zpQlypAzFjIxLfqqJRHiEhqRnqUCc6CCf/jyGR1YZwChRdoSBU/X7RY641hkP7SZHJtY/vYn4l9dLTXQW5FTI1BCBZ0FRyqBJ4KQAOKCKYMMySxBW1P4KcYwUwsbWtJAi40xTrMel7838T9onVa9WrV/XKo3zeUdFcAAOwTHwwClogCvQBC2AgQQP4BE8OffOs/PivM5WC878Zh8swHn7BNHkmmI=</latexit>

i�5�

<latexit sha1_base64="HmDL9HDXwDNIcT+yRlxoY05UZR0=">AAACCXicdVDLSgMxFM3UV62vqks3wSK4KjPSosuiG5cV7AM6Y8mkmU5okolJRhiGfoEf4FY/wZ249Sv8An/D9CFYHwcuHM65l3M5oWRUG9d9dwpLyyura8X10sbm1vZOeXevrZNUYdLCCUtUN0SaMCpIy1DDSFcqgnjISCccXUz8zh1Rmibi2mSSBBwNBY0oRsZKAfWHiHN0U/dlTPvlild1p4DuL/JlVcAczX75wx8kOOVEGMyQ1j3PlSbIkTIUMzIu+akmEuERGpKepQJxooN8+vQYHlllAKNE2REGTtXvFzniWmc8tJscmVj/9CbiX14vNdFZkFMhU0MEngVFKYMmgZMG4IAqgg3LLEFYUfsrxDFSCBvb00KKjDNNsR6XvjfzP2mfVL1atX5VqzTO5x0VwQE4BMfAA6egAS5BE7QABrfgATyCJ+feeXZenNfZasGZ3+yDBThvn9gPmvU=</latexit>



         term can be rotated away, which gives rise to     term:i�5�

<latexit sha1_base64="ZXi7E/H0iuMKWpqVVBmDZU0lDtk=">AAACCXicdVDLSsNAFJ3UV62vqks3g0VwFZLatHVXdOOygn1AE8tkOmmGziRxZiKU0C/wA9zqJ7gTt36FX+BvOH0IVvTAhcM593LvPX7CqFSW9WHkVlbX1jfym4Wt7Z3dveL+QVvGqcCkhWMWi66PJGE0Ii1FFSPdRBDEfUY6/uhy6nfuiZA0jm7UOCEeR8OIBhQjpSWPukPEObp13CSk/WLJMqu1euXMhpZp1avlmqOJ45TPKza0TWuGElig2S9+uoMYp5xECjMkZc+2EuVlSCiKGZkU3FSSBOERGpKephHiRHrZ7OgJPNHKAAax0BUpOFN/TmSISznmvu7kSIXytzcV//J6qQrqXkajJFUkwvNFQcqgiuE0ATiggmDFxpogLKi+FeIQCYSVzmlpSxKOJcVyUtDJfL8P/yftsmlXTOe6UmpcLDLKgyNwDE6BDWqgAa5AE7QABnfgETyBZ+PBeDFejbd5a85YzByCJRjvX1Wmm0c=</latexit>

✓

<latexit sha1_base64="PDK48v2xd0hVOeMPbiseMpxLuLs=">AAACAnicdVDLSgNBEJyNrxhfUY9eBoPgadmNm4e3oBePEUwiJCHMTmazY2Znl5leIYTc/ACv+gnexKs/4hf4G04eghEtaCiquunu8hPBNTjOh5VZWV1b38hu5ra2d3b38vsHTR2nirIGjUWsbn2imeCSNYCDYLeJYiTyBWv5w8up37pnSvNY3sAoYd2IDCQPOCVgpGYHQgakly84drlS9c5c7NhOtVyslAwplYrnnotd25mhgBao9/KfnX5M04hJoIJo3XadBLpjooBTwSa5TqpZQuiQDFjbUEkiprvj2bUTfGKUPg5iZUoCnqk/J8Yk0noU+aYzIhDq395U/MtrpxBUu2MukxSYpPNFQSowxHj6Ou5zxSiIkSGEKm5uxTQkilAwAS1tScKR5lRPciaZ7/fx/6RZtF3PLl17hdrFIqMsOkLH6BS5qIJq6ArVUQNRdIce0RN6th6sF+vVepu3ZqzFzCFagvX+BTIamHs=</latexit>

S⇥ = � ↵

4⇡

Z
d4x⇥Fµ⌫ F̃

µ⌫

<latexit sha1_base64="qQCtWwebvOtlowlWlD5JBIhS6R4="></latexit>

⇥ =
⇡

2
[1� sgn(M)]sgn(�) + tan�1 �

M

<latexit sha1_base64="PWCck/Kf5+SGFykBLOn1P7ITtpo="></latexit>

✓ =
1

4⇡

Z
d3k

2|d|+ d4

(|d|+ d4)2|d|3 ✏
ijkldi@kxd

j@kyd
k@kzd

l

<latexit sha1_base64="1KSpy+yny2+OjT3C+Sgdwo4rft4="></latexit>

it is consistent with



      dependenceM

<latexit sha1_base64="lHOc/qQ/zYe1R6YI7QtALrracuo=">AAAB/XicdVDLSsNAFL3xWeur6tLNYBFchaTUx7Loxo3Qgn1AG8pkOmmHTiZhZiKEUPwAt/oJ7sSt3+IX+BtO2gqt6IFhDufcy733+DFnSjvOp7Wyura+sVnYKm7v7O7tlw4OWypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2xze5336gUrFI3Os0pl6Ih4IFjGBtpMZdv1R27IqTAy2Qixlx7envlGGOer/01RtEJAmp0IRjpbquE2svw1Izwumk2EsUjTEZ4yHtGipwSJWXTRedoFOjDFAQSfOERlN1sSPDoVJp6JvKEOuR+u3l4l9eN9HBlZcxESeaCjIbFCQc6QjlV6MBk5RonhqCiWRmV0RGWGKiTTZLU+JRqhhRk6JJ5ud89D9pVWy3ap83quXa9TyjAhzDCZyBC5dQg1uoQxMIUHiCZ3ixHq1X6816n5WuWPOeI1iC9fENldKV2w==</latexit>

KI ’21

9
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FIG. 6. V� as function of � for various values of M in the e↵ective model for 3D topological insulators. A1, A2, B1, B2 and M
are taken the same as Fig. 4.

For later discussion we define the Fourier expansion of  � and n� as

 �(x) =
1p
V

X

k

ck�e
ik·x

, (B6)

ck� =
1p
V

Z
d
3
x �(x)e

�ik·x
, (B7)

n�(x) =
1

V

X

k

ñ�(k)e
ik·x

, (B8)

ñ�(k) =

Z
d
3
xn�(x)e

�ik·x =
X

q

c
†
q�cq+k� . (B9)

Consequently, Hint in the momentum space is given by

Hint =
U

N

X

k

ñ"(k)ñ#(�k) = � U

4N

X

k

ñ�(k)ñ�(�k) + const. (B10)

In terms of Euclidean time ⌧ = it, action of the interaction term is written by

�SintE ⌘ iSint ⌘ �
Z

d⌧ Hint . (B11)

Now we execute the Hubbard-Stratonovich transformation. It is also used in Ref. [35] that studies topological super-
conductors and superfluids. (See Ref. [36] for the renormalization group approach.) It is e↵ectively the same as the
inverse procedure of integrating out the heavy scalar particles to give the e↵ective Lagrangian. (See Appendix E for

TI

The difference between TI and NI is not clear
NI
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<latexit sha1_base64="gjJXYmmU3LGyYg6Bp2NkZyLumuE=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVRJRdFl040ZowT6gDWUyvWmHTiZhZiKEUPwAt/oJ7sSt3+IX+BtO2yxs64ELh3Pu5d57/JgzpR3n2yqsrW9sbhW3Szu7e/sH5cOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHd1O//YRSsUg86jRGLyRDwQJGiTZS46FfrjhVZwZ7lbg5qUCOer/80xtENAlRaMqJUl3XibWXEakZ5Tgp9RKFMaFjMsSuoYKEqLxsdujEPjPKwA4iaUpoe6b+nchIqFQa+qYzJHqklr2p+J/XTXRw42VMxIlGQeeLgoTbOrKnX9sDJpFqnhpCqGTmVpuOiCRUm2wWtsSjVDGqJiWTjLucwyppXVTdy+pV47JSu80zKsIJnMI5uHANNbiHOjSBAsILvMKb9Wy9Wx/W57y1YOUzx7AA6+sXhpKV0Q==</latexit>

m5 = �

<latexit sha1_base64="fsmQqyEaubNUe6HBraWuhvBHM1w=">AAACBHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKQS9C0IvHCOYByRJmJ7PJkJndYWZWWJZc/QCv+gnexKv/4Rf4G06SPZjEgoaiqpvurkBypo3rfjuFtfWNza3idmlnd2//oHx41NJxoghtkpjHqhNgTTmLaNMww2lHKopFwGk7GN9N/fYTVZrF0aNJJfUFHkYsZAQbK3VEv3bTkyPWL1fcqjsDWiVeTiqQo9Ev//QGMUkEjQzhWOuu50rjZ1gZRjidlHqJphKTMR7SrqURFlT72ezeCTqzygCFsbIVGTRT/05kWGidisB2CmxGetmbiv953cSE137GIpkYGpH5ojDhyMRo+jwaMEWJ4aklmChmb0VkhBUmxka0sEWOUs2InpRsMt5yDqukdVH1Lqu1h8tK/TbPqAgncArn4MEV1OEeGtAEAhxe4BXenGfn3flwPuetBSefOYYFOF+/qEKYpQ==</latexit>

KI ’21

calculation for Dirac 
model is done by

Zhang  ’19

 as function of θ M
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<latexit sha1_base64="gjJXYmmU3LGyYg6Bp2NkZyLumuE=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVRJRdFl040ZowT6gDWUyvWmHTiZhZiKEUPwAt/oJ7sSt3+IX+BtO2yxs64ELh3Pu5d57/JgzpR3n2yqsrW9sbhW3Szu7e/sH5cOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHd1O//YRSsUg86jRGLyRDwQJGiTZS46FfrjhVZwZ7lbg5qUCOer/80xtENAlRaMqJUl3XibWXEakZ5Tgp9RKFMaFjMsSuoYKEqLxsdujEPjPKwA4iaUpoe6b+nchIqFQa+qYzJHqklr2p+J/XTXRw42VMxIlGQeeLgoTbOrKnX9sDJpFqnhpCqGTmVpuOiCRUm2wWtsSjVDGqJiWTjLucwyppXVTdy+pV47JSu80zKsIJnMI5uHANNbiHOjSBAsILvMKb9Wy9Wx/W57y1YOUzx7AA6+sXhpKV0Q==</latexit>

m5 = �

<latexit sha1_base64="fsmQqyEaubNUe6HBraWuhvBHM1w=">AAACBHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKQS9C0IvHCOYByRJmJ7PJkJndYWZWWJZc/QCv+gnexKv/4Rf4G06SPZjEgoaiqpvurkBypo3rfjuFtfWNza3idmlnd2//oHx41NJxoghtkpjHqhNgTTmLaNMww2lHKopFwGk7GN9N/fYTVZrF0aNJJfUFHkYsZAQbK3VEv3bTkyPWL1fcqjsDWiVeTiqQo9Ev//QGMUkEjQzhWOuu50rjZ1gZRjidlHqJphKTMR7SrqURFlT72ezeCTqzygCFsbIVGTRT/05kWGidisB2CmxGetmbiv953cSE137GIpkYGpH5ojDhyMRo+jwaMEWJ4aklmChmb0VkhBUmxka0sEWOUs2InpRsMt5yDqukdVH1Lqu1h8tK/TbPqAgncArn4MEV1OEeGtAEAhxe4BXenGfn3flwPuetBSefOYYFOF+/qEKYpQ==</latexit>

✓ = ±⇡

<latexit sha1_base64="v29giKxPtBtkKtKQFr14jniNE6U="></latexit>

✓ = 0

<latexit sha1_base64="SW6GpxcSBIAmfV0WA7uHcJaHyWo=">AAACBHicdVDJSgNBEO1xjXGLevTSGARPQ0+cLB6EoBePEcwCSQg9nZ5Mk56F7hohhFz9AK/6Cd7Eq//hF/gbdhbBiD4oeLxXRVU9L5FCAyEf1srq2vrGZmYru72zu7efOzhs6DhVjNdZLGPV8qjmUkS8DgIkbyWK09CTvOkNr6d+854rLeLoDkYJ74Z0EAlfMApGanUg4EAvSS+XJ3apXHHPHUxsUikVykVDisXChetgxyYz5NECtV7us9OPWRryCJikWrcdkkB3TBUIJvkk20k1Tygb0gFvGxrRkOvueHbvBJ8apY/9WJmKAM/UnxNjGmo9Cj3TGVII9G9vKv7ltVPwK92xiJIUeMTmi/xUYojx9HncF4ozkCNDKFPC3IpZQBVlYCJa2pIEIy2YnmRNMt/v4/9Jo2A7rl28dfPVq0VGGXSMTtAZclAZVdENqqE6YkiiR/SEnq0H68V6td7mrSvWYuYILcF6/wIvd5j8</latexit>

(� ! 0)

<latexit sha1_base64="qPXDWZ5UlCx5oh1VH93gwmpkYtY=">AAACCHicdVDLSsNAFJ3UV62vqks3g0Wom5DUpK27ohuXFewDmlIm02kzdJIMMxMhhP6AH+BWP8GduPUv/AJ/w+lDsKIHLhzOuZd77/E5o1JZ1oeRW1vf2NzKbxd2dvf2D4qHR20ZJwKTFo5ZLLo+koTRiLQUVYx0uSAo9Bnp+JPrmd+5J0LSOLpTKSf9EI0jOqIYKS15ZY8HFHoqhtb5oFiyzGqt7lzY0DKterVSczVx3cqlY0PbtOYogSWag+KnN4xxEpJIYYak7NkWV/0MCUUxI9OCl0jCEZ6gMelpGqGQyH42v3kKz7QyhKNY6IoUnKs/JzIUSpmGvu4MkQrkb28m/uX1EjWq9zMa8USRCC8WjRIG9Y+zAOCQCoIVSzVBWFB9K8QBEggrHdPKFh6kkmI5Lehkvt+H/5N2xbQd0711So2rZUZ5cAJOQRnYoAYa4AY0QQtgwMEjeALPxoPxYrwab4vWnLGcOQYrMN6/AP2BmeI=</latexit>

(� ! 0)

<latexit sha1_base64="qPXDWZ5UlCx5oh1VH93gwmpkYtY=">AAACCHicdVDLSsNAFJ3UV62vqks3g0Wom5DUpK27ohuXFewDmlIm02kzdJIMMxMhhP6AH+BWP8GduPUv/AJ/w+lDsKIHLhzOuZd77/E5o1JZ1oeRW1vf2NzKbxd2dvf2D4qHR20ZJwKTFo5ZLLo+koTRiLQUVYx0uSAo9Bnp+JPrmd+5J0LSOLpTKSf9EI0jOqIYKS15ZY8HFHoqhtb5oFiyzGqt7lzY0DKterVSczVx3cqlY0PbtOYogSWag+KnN4xxEpJIYYak7NkWV/0MCUUxI9OCl0jCEZ6gMelpGqGQyH42v3kKz7QyhKNY6IoUnKs/JzIUSpmGvu4MkQrkb28m/uX1EjWq9zMa8USRCC8WjRIG9Y+zAOCQCoIVSzVBWFB9K8QBEggrHdPKFh6kkmI5Lehkvt+H/5N2xbQd0711So2rZUZ5cAJOQRnYoAYa4AY0QQtgwMEjeALPxoPxYrwab4vWnLGcOQYrMN6/AP2BmeI=</latexit>

KI ’21 as function of θ M
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<latexit sha1_base64="gjJXYmmU3LGyYg6Bp2NkZyLumuE=">AAAB/XicbVDLSsNAFL2pr1pfVZdugkVwVRJRdFl040ZowT6gDWUyvWmHTiZhZiKEUPwAt/oJ7sSt3+IX+BtO2yxs64ELh3Pu5d57/JgzpR3n2yqsrW9sbhW3Szu7e/sH5cOjlooSSbFJIx7Jjk8UciawqZnm2IklktDn2PbHd1O//YRSsUg86jRGLyRDwQJGiTZS46FfrjhVZwZ7lbg5qUCOer/80xtENAlRaMqJUl3XibWXEakZ5Tgp9RKFMaFjMsSuoYKEqLxsdujEPjPKwA4iaUpoe6b+nchIqFQa+qYzJHqklr2p+J/XTXRw42VMxIlGQeeLgoTbOrKnX9sDJpFqnhpCqGTmVpuOiCRUm2wWtsSjVDGqJiWTjLucwyppXVTdy+pV47JSu80zKsIJnMI5uHANNbiHOjSBAsILvMKb9Wy9Wx/W57y1YOUzx7AA6+sXhpKV0Q==</latexit>

m5 = �

<latexit sha1_base64="fsmQqyEaubNUe6HBraWuhvBHM1w=">AAACBHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKQS9C0IvHCOYByRJmJ7PJkJndYWZWWJZc/QCv+gnexKv/4Rf4G06SPZjEgoaiqpvurkBypo3rfjuFtfWNza3idmlnd2//oHx41NJxoghtkpjHqhNgTTmLaNMww2lHKopFwGk7GN9N/fYTVZrF0aNJJfUFHkYsZAQbK3VEv3bTkyPWL1fcqjsDWiVeTiqQo9Ev//QGMUkEjQzhWOuu50rjZ1gZRjidlHqJphKTMR7SrqURFlT72ezeCTqzygCFsbIVGTRT/05kWGidisB2CmxGetmbiv953cSE137GIpkYGpH5ojDhyMRo+jwaMEWJ4aklmChmb0VkhBUmxka0sEWOUs2InpRsMt5yDqukdVH1Lqu1h8tK/TbPqAgncArn4MEV1OEeGtAEAhxe4BXenGfn3flwPuetBSefOYYFOF+/qEKYpQ==</latexit>

PM order

✓ = ±⇡

<latexit sha1_base64="v29giKxPtBtkKtKQFr14jniNE6U="></latexit>

(TI)� = 0

<latexit sha1_base64="wzWr9dd1Z2bAb8OAjXq3HecXCwc=">AAACAnicdVDLSsNAFL2pr1pfVZduBovgKiTF10YounFZwT6gDWUynTRjJ8kwMxFC6c4PcKuf4E7c+iN+gb/hpK3Qih4Y5nDOvdx7jy84U9pxPq3C0vLK6lpxvbSxubW9U97da6oklYQ2SMIT2faxopzFtKGZ5rQtJMWRz2nLH17nfuuBSsWS+E5ngnoRHsQsYARrIzW7ImSXTq9cceyqkwPNkbMpce3J71Rghnqv/NXtJySNaKwJx0p1XEdob4SlZoTTcambKiowGeIB7Rga44gqbzTZdoyOjNJHQSLNizWaqPMdIxwplUW+qYywDtVvLxf/8jqpDi68EYtFqmlMpoOClCOdoPx01GeSEs0zQzCRzOyKSIglJtoEtDBFhJliRI1LJpmf89H/pFm13RP79PakUruaZVSEAziEY3DhHGpwA3VoAIF7eIJneLEerVfrzXqflhasWc8+LMD6+AYbx5fK</latexit>

T

<latexit sha1_base64="3X8LxMu23paZGAXvQm2NLJrk0cA=">AAACBHicdVDLSsNAFL2pr1pfVZduBovgKiSlPpZFNy4r9AVtKJPppB06mYSZiRBCtn6AW/0Ed+LW//AL/A2nD6EVPTDM4Zx7ufceP+ZMacf5tApr6xubW8Xt0s7u3v5B+fCoraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cjv1Ow9UKhaJpk5j6oV4JFjACNZG6mZ9gjlq5oNyxbGrzhRoiVzOiWvPfqcCCzQG5a/+MCJJSIUmHCvVc51YexmWmhFO81I/UTTGZIJHtGeowCFVXjbbN0dnRhmiIJLmCY1m6nJHhkOl0tA3lSHWY/Xbm4p/eb1EB9dexkScaCrIfFCQcKQjND0eDZmkRPPUEEwkM7siMsYSE20iWpkSj1PFiMpLJpmf89H/pF213Zp9cV+r1G8WGRXhBE7hHFy4gjrcQQNaQIDDEzzDi/VovVpv1vu8tGAteo5hBdbHN+cZmMw=</latexit>

M < 0

<latexit sha1_base64="ZWmxZ+CjqQDT5sJJyCnYuSTEhEA=">AAAB/3icdVDLSgMxFL1TX7W+qi7dBIvgapgp9bFwUXTjRqhoH9AOJZNm2tBMZkgywlC68APc6ie4E7d+il/gb5hpK7SiB0IO59zLvff4MWdKO86nlVtaXlldy68XNja3tneKu3sNFSWS0DqJeCRbPlaUM0HrmmlOW7GkOPQ5bfrDq8xvPlCpWCTudRpTL8R9wQJGsDbS3c2F0y2WHLvsZEBz5HRKXHvyOyWYodYtfnV6EUlCKjThWKm268TaG2GpGeF0XOgkisaYDHGftg0VOKTKG01WHaMjo/RQEEnzhEYTdb5jhEOl0tA3lSHWA/Xby8S/vHaig3NvxEScaCrIdFCQcKQjlN2NekxSonlqCCaSmV0RGWCJiTbpLEyJB6liRI0LJpmf89H/pFG23Yp9clspVS9nGeXhAA7hGFw4gypcQw3qQKAPT/AML9aj9Wq9We/T0pw169mHBVgf3403lls=</latexit>

M > 0

<latexit sha1_base64="PGJcQ7G16wVUs8iHLDXTVA9Lds0=">AAAB/3icdVDLSgMxFL1TX7W+qi7dBIvgapgp9bGSohs3QkX7gHYomTTThmYyQ5IRhtKFH+BWP8GduPVT/AJ/w0xboRU9EHI4517uvcePOVPacT6t3NLyyupafr2wsbm1vVPc3WuoKJGE1knEI9nysaKcCVrXTHPaiiXFoc9p0x9eZX7zgUrFInGv05h6Ie4LFjCCtZHubi6cbrHk2GUnA5ojp1Pi2pPfKcEMtW7xq9OLSBJSoQnHSrVdJ9beCEvNCKfjQidRNMZkiPu0bajAIVXeaLLqGB0ZpYeCSJonNJqo8x0jHCqVhr6pDLEeqN9eJv7ltRMdnHsjJuJEU0Gmg4KEIx2h7G7UY5ISzVNDMJHM7IrIAEtMtElnYUo8SBUjalwwyfycj/4njbLtVuyT20qpejnLKA8HcAjH4MIZVOEaalAHAn14gmd4sR6tV+vNep+W5qxZzz4swPr4BpBrll0=</latexit>

✓ = ±⇡

<latexit sha1_base64="+gT2DspMvLXnD18+zk/xU4Bup4A=">AAACCnicdVDLSsNAFJ34rPVVdelmsAiuSlLqYyMU3bisYB/QxDKZTpqhk2SYuRFK6B/4AW71E9yJW3/CL/A3nLQVWtEDwxzOuZd77/Gl4Bps+9NaWl5ZXVsvbBQ3t7Z3dkt7+y2dpIqyJk1Eojo+0UzwmDWBg2AdqRiJfMHa/vA699sPTGmexHcwksyLyCDmAacEjHTvQsiAXLoywq7kvVLZrlTtHHiOnE2JU5n8dhnN0OiVvtx+QtOIxUAF0brr2BK8jCjgVLBx0U01k4QOyYB1DY1JxLSXTbYe42Oj9HGQKPNiwBN1viMjkdajyDeVEYFQ//Zy8S+vm0Jw4WU8limwmE4HBanAkOA8AtznilEQI0MIVdzsimlIFKFgglqYIsOR5lSPiyaZn/Px/6RVrTi1yultrVy/mmVUQIfoCJ0gB52jOrpBDdREFCn0hJ7Ri/VovVpv1vu0dMma9RygBVgf3336m00=</latexit>

✓ = 0

<latexit sha1_base64="9jHGubCJZ0wzVrK5LIEvTwcerdQ=">AAACBHicdVDLSsNAFJ3UV62vqks3g0VwFZJSHxuh6MZlBfuANpTJdNIMnUzCzI0QSrd+gFv9BHfi1v/wC/wNJ22FVvTAMIdz7uXee/xEcA2O82kVVlbX1jeKm6Wt7Z3dvfL+QUvHqaKsSWMRq45PNBNcsiZwEKyTKEYiX7C2P7rJ/fYDU5rH8h6yhHkRGUoecErASJ0ehAzIldMvVxy76uTAC+R8Rlx7+jsVNEejX/7qDWKaRkwCFUTrrusk4I2JAk4Fm5R6qWYJoSMyZF1DJYmY9sbTfSf4xCgDHMTKPAl4qi52jEmkdRb5pjIiEOrfXi7+5XVTCC69MZdJCkzS2aAgFRhinB+PB1wxCiIzhFDFza6YhkQRCiaipSlJmGlO9aRkkvk5H/9PWlXbrdlnd7VK/XqeUREdoWN0ilx0geroFjVQE1Ek0BN6Ri/Wo/VqvVnvs9KCNe85REuwPr4Bv4uYsw==</latexit>

✓ = 0

<latexit sha1_base64="SW6GpxcSBIAmfV0WA7uHcJaHyWo=">AAACBHicdVDJSgNBEO1xjXGLevTSGARPQ0+cLB6EoBePEcwCSQg9nZ5Mk56F7hohhFz9AK/6Cd7Eq//hF/gbdhbBiD4oeLxXRVU9L5FCAyEf1srq2vrGZmYru72zu7efOzhs6DhVjNdZLGPV8qjmUkS8DgIkbyWK09CTvOkNr6d+854rLeLoDkYJ74Z0EAlfMApGanUg4EAvSS+XJ3apXHHPHUxsUikVykVDisXChetgxyYz5NECtV7us9OPWRryCJikWrcdkkB3TBUIJvkk20k1Tygb0gFvGxrRkOvueHbvBJ8apY/9WJmKAM/UnxNjGmo9Cj3TGVII9G9vKv7ltVPwK92xiJIUeMTmi/xUYojx9HncF4ozkCNDKFPC3IpZQBVlYCJa2pIEIy2YnmRNMt/v4/9Jo2A7rl28dfPVq0VGGXSMTtAZclAZVdENqqE6YkiiR/SEnq0H68V6td7mrSvWYuYILcF6/wIvd5j8</latexit>

(� ! 0)

<latexit sha1_base64="qPXDWZ5UlCx5oh1VH93gwmpkYtY=">AAACCHicdVDLSsNAFJ3UV62vqks3g0Wom5DUpK27ohuXFewDmlIm02kzdJIMMxMhhP6AH+BWP8GduPUv/AJ/w+lDsKIHLhzOuZd77/E5o1JZ1oeRW1vf2NzKbxd2dvf2D4qHR20ZJwKTFo5ZLLo+koTRiLQUVYx0uSAo9Bnp+JPrmd+5J0LSOLpTKSf9EI0jOqIYKS15ZY8HFHoqhtb5oFiyzGqt7lzY0DKterVSczVx3cqlY0PbtOYogSWag+KnN4xxEpJIYYak7NkWV/0MCUUxI9OCl0jCEZ6gMelpGqGQyH42v3kKz7QyhKNY6IoUnKs/JzIUSpmGvu4MkQrkb28m/uX1EjWq9zMa8USRCC8WjRIG9Y+zAOCQCoIVSzVBWFB9K8QBEggrHdPKFh6kkmI5Lehkvt+H/5N2xbQd0711So2rZUZ5cAJOQRnYoAYa4AY0QQtgwMEjeALPxoPxYrwab4vWnLGcOQYrMN6/AP2BmeI=</latexit>

(� ! 0)
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FIG. 7. V✓ as function of ✓/(2⇡) in e↵ective model for 3D topological insulators. Parameters are taken the same as Fig. 6.

Here we have omitted irrelevant constant term in the last step and we have used

�̃(k) =
1

V

Z
d
3
x�(x)e�ik·x

. (B14)

The second term in the RHS of Eq. (B13) is given in the momentum space as
Z

d
3
x�(x)n�(x) =

X

q,k

(c†k"ck+q" � c
†
k#ck+q#)�̃(�q)

=
X

k

(c†k"ck" � c
†
k#ck#)�̃(0) +O(q)

=
X

k,↵,�

c
†
k↵(�̃(0)�

z)↵�ck� +O(q) . (B15)

Now we apply the above result to two sublattices, A and B. The interaction term to start with is

HA+B
int =

UV

N

Z
d
3
x (nA"(x)nA#(x) + nB"(x)nB#(x)) , (B16)

where N is the number of site A (B). As in the previous discussion, we define nI±(x) (I=A, B),

nI±(x) ⌘ nI"(x)± nI#(x) . (B17)

Since we are interested in antiferromagnetic order, nA� and nB� are not independent and related by8

nA� + nB� ⇡ hnA� + nB�i = 0 . (B18)

8
As discussed below Eq. (B4), there are fluctuations around hnA+i

and hnB+i. In addition, if there is no antiferromagnetic or-
der, i.e., paramagnetic order, then hnA�i and hnB�i should be

treated as independent degree of freedom.

      dependenceM
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FIG. 2. FM bulk M2BT. (a) Lattice structure. (b) The band struc-
ture with SOC. (c) Zoom-in band structures along the !-A and
K-W -M directions. (d) and (f) The energy and momentum depen-
dence of the LDOS on the (11̄0) and (001) surfaces, respectively.
The two Weyl points are seen along the A-!-A direction. (e) Surface
states of the (11̄0) termination on the isoenergy plane of the Weyl
points, demonstrating the existence of the Fermi arcs.

along the Ā-!-A line. The Wilson loop calculations suggest
the Chern number C = 1 at the kz = 0 plane and C = 0 at
the kz = π plane [61], which is consistent with the minimal
ideal Weyl semimetal in Fig. 2(c). Figures 2(d)–2(f) show
surface state on different typical surfaces, where Fermi arcs
on (11̄0) termination are clearly seen in Fig. 2(e). Explicitly,
the additional T -breaking but P-conserving terms describing
the z-axis FM state is

δHFM(k) = A′
3kz1 ⊗ τ x + A′

2(kyσ
x − kxσ

y) ⊗ τ y

+ Mz
1(k)σ z ⊗ 1 + Mz

2(k)σ z ⊗ τ z, (2)

where Mz
j (k) = D j

0 + D j
1k2

z + D j
2(k2

x + k2
y ) with j = 1, 2.

This model is similar to FM MBT but with different parame-
ters [61].

Now we understand that the magnetic TI M2BT is well
described by a Bi2Te3-type TI model with corresponding
T -breaking perturbations introduced by Mn. The band inver-
sion in 3D suggests the nontrivial topology may also exist
in 2D, which we characterize below. AFM M2BT films have
PT symmetry which leads to C = 0. They are magnetic in-
sulators with nonquantized θ response from P, T breaking
and finite-size effect. We calculate the energy level versus
the film thickness of AFM Hamiltonian (1). Due to quantum
confinement, the bulk bands become 2D subbands. As shown
in Fig. 3(a), the gap converges when the film exceeds 5 NL,
which is consistent with the first-principles calculations listed
in Table I. The first pair of subbands |S1〉 and |S2〉 are local-
ized on the two surfaces of the thin film [61,64], with a decay
length of about 2 NL. For FM films, T and PT -breaking but
P-conserving leads to spin-polarized bands, allowing C %= 0.
As calculated in Table I, C = 0 for 1 NL and C = 1 for 2–7
NL. The spin-polarized energy level versus the film thickness
in the FM state is calculated in Fig. 3(b), and C is determined
by the number of polarized band inversions [14]. Figure 3(b)
suggests 3 NL has the maximum gap in C = 1 QAH and is
consistent with first-principles calculations.

FIG. 3. The subbands energy level versus the thickness of the
thin film for (a) AFM and (b) FM. In (a), the gap of the AFM film
converges quickly as thickness exceeds 5 NL. The densities of |S1〉
and |S2〉 are localized on surfaces. In (b), the band inversion of the
first pair of polarized bands (red and blue lines which are localized on
surfaces) leads to C = 1 in the shaded region. The second polarized
band (green and purple lines) inversion suggests C = 2 when the film
is 10 NL or thicker.

Intriguingly, here as the interlayer exchange coupling is
quite weak, the Mn layers may be driven into different mag-
netic configurations, which further modify the band topology.
Take 2 NL for example; we calculate the band structure,
relative total energy, and C for five different magnetic con-
figurations named AFM, FM, interstate I, II, and III shown
in Fig. 4. Clearly, FM, I, and II are QAH with C = 1. AFM
and III have C = 0, and lead to zero Hall conductance. As
we show below, the AFM state is a magnetic insulator with
nonquantized θ but III is a trivial insulator.

To describe the layer magnetization tuned QAH state in
M2BT film, we start with the low-energy physics which is well
described by the massive Dirac surface states only, where the
intrinsic magnetic ordering introduces different Zeeman terms
on these two surfaces. The generic effective Hamiltonian for
thin film is

Hfilm(kx, ky) = vF (kyσx − kxσy) ⊗ τz + m(k)1 ⊗ τx

+ gaσz ⊗ τz + g f σz ⊗ 1, (3)

FIG. 4. 2NL M2BT film. (a)–(e) Band structures with AFM, FM,
and interstate magnetic configurations (denoted as I, II, and III).
The relative total energies are shown, where the total energy of the
reference AFM state is set to be zero. The band gap at the ! points
for (a)–(e) are Eg = 67.1, 51.5, 6.2, 8.7, 6.4 meV. (f)–(j) The energy
and momentum dependence of LDOS on the (11̄) edge with AFM,
FM, I, II, and III orders. Interstate II can be obtained from the AFM
state by applying a z-axis magnetic field.
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FIG. 2. FM bulk M2BT. (a) Lattice structure. (b) The band struc-
ture with SOC. (c) Zoom-in band structures along the !-A and
K-W -M directions. (d) and (f) The energy and momentum depen-
dence of the LDOS on the (11̄0) and (001) surfaces, respectively.
The two Weyl points are seen along the A-!-A direction. (e) Surface
states of the (11̄0) termination on the isoenergy plane of the Weyl
points, demonstrating the existence of the Fermi arcs.

along the Ā-!-A line. The Wilson loop calculations suggest
the Chern number C = 1 at the kz = 0 plane and C = 0 at
the kz = π plane [61], which is consistent with the minimal
ideal Weyl semimetal in Fig. 2(c). Figures 2(d)–2(f) show
surface state on different typical surfaces, where Fermi arcs
on (11̄0) termination are clearly seen in Fig. 2(e). Explicitly,
the additional T -breaking but P-conserving terms describing
the z-axis FM state is

δHFM(k) = A′
3kz1 ⊗ τ x + A′

2(kyσ
x − kxσ

y) ⊗ τ y

+ Mz
1(k)σ z ⊗ 1 + Mz

2(k)σ z ⊗ τ z, (2)

where Mz
j (k) = D j

0 + D j
1k2

z + D j
2(k2

x + k2
y ) with j = 1, 2.

This model is similar to FM MBT but with different parame-
ters [61].

Now we understand that the magnetic TI M2BT is well
described by a Bi2Te3-type TI model with corresponding
T -breaking perturbations introduced by Mn. The band inver-
sion in 3D suggests the nontrivial topology may also exist
in 2D, which we characterize below. AFM M2BT films have
PT symmetry which leads to C = 0. They are magnetic in-
sulators with nonquantized θ response from P, T breaking
and finite-size effect. We calculate the energy level versus
the film thickness of AFM Hamiltonian (1). Due to quantum
confinement, the bulk bands become 2D subbands. As shown
in Fig. 3(a), the gap converges when the film exceeds 5 NL,
which is consistent with the first-principles calculations listed
in Table I. The first pair of subbands |S1〉 and |S2〉 are local-
ized on the two surfaces of the thin film [61,64], with a decay
length of about 2 NL. For FM films, T and PT -breaking but
P-conserving leads to spin-polarized bands, allowing C %= 0.
As calculated in Table I, C = 0 for 1 NL and C = 1 for 2–7
NL. The spin-polarized energy level versus the film thickness
in the FM state is calculated in Fig. 3(b), and C is determined
by the number of polarized band inversions [14]. Figure 3(b)
suggests 3 NL has the maximum gap in C = 1 QAH and is
consistent with first-principles calculations.

FIG. 3. The subbands energy level versus the thickness of the
thin film for (a) AFM and (b) FM. In (a), the gap of the AFM film
converges quickly as thickness exceeds 5 NL. The densities of |S1〉
and |S2〉 are localized on surfaces. In (b), the band inversion of the
first pair of polarized bands (red and blue lines which are localized on
surfaces) leads to C = 1 in the shaded region. The second polarized
band (green and purple lines) inversion suggests C = 2 when the film
is 10 NL or thicker.

Intriguingly, here as the interlayer exchange coupling is
quite weak, the Mn layers may be driven into different mag-
netic configurations, which further modify the band topology.
Take 2 NL for example; we calculate the band structure,
relative total energy, and C for five different magnetic con-
figurations named AFM, FM, interstate I, II, and III shown
in Fig. 4. Clearly, FM, I, and II are QAH with C = 1. AFM
and III have C = 0, and lead to zero Hall conductance. As
we show below, the AFM state is a magnetic insulator with
nonquantized θ but III is a trivial insulator.

To describe the layer magnetization tuned QAH state in
M2BT film, we start with the low-energy physics which is well
described by the massive Dirac surface states only, where the
intrinsic magnetic ordering introduces different Zeeman terms
on these two surfaces. The generic effective Hamiltonian for
thin film is

Hfilm(kx, ky) = vF (kyσx − kxσy) ⊗ τz + m(k)1 ⊗ τx

+ gaσz ⊗ τz + g f σz ⊗ 1, (3)

FIG. 4. 2NL M2BT film. (a)–(e) Band structures with AFM, FM,
and interstate magnetic configurations (denoted as I, II, and III).
The relative total energies are shown, where the total energy of the
reference AFM state is set to be zero. The band gap at the ! points
for (a)–(e) are Eg = 67.1, 51.5, 6.2, 8.7, 6.4 meV. (f)–(j) The energy
and momentum dependence of LDOS on the (11̄) edge with AFM,
FM, I, II, and III orders. Interstate II can be obtained from the AFM
state by applying a z-axis magnetic field.
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FIG. 2. FM bulk M2BT. (a) Lattice structure. (b) The band struc-
ture with SOC. (c) Zoom-in band structures along the !-A and
K-W -M directions. (d) and (f) The energy and momentum depen-
dence of the LDOS on the (11̄0) and (001) surfaces, respectively.
The two Weyl points are seen along the A-!-A direction. (e) Surface
states of the (11̄0) termination on the isoenergy plane of the Weyl
points, demonstrating the existence of the Fermi arcs.

along the Ā-!-A line. The Wilson loop calculations suggest
the Chern number C = 1 at the kz = 0 plane and C = 0 at
the kz = π plane [61], which is consistent with the minimal
ideal Weyl semimetal in Fig. 2(c). Figures 2(d)–2(f) show
surface state on different typical surfaces, where Fermi arcs
on (11̄0) termination are clearly seen in Fig. 2(e). Explicitly,
the additional T -breaking but P-conserving terms describing
the z-axis FM state is

δHFM(k) = A′
3kz1 ⊗ τ x + A′

2(kyσ
x − kxσ

y) ⊗ τ y

+ Mz
1(k)σ z ⊗ 1 + Mz

2(k)σ z ⊗ τ z, (2)

where Mz
j (k) = D j

0 + D j
1k2

z + D j
2(k2

x + k2
y ) with j = 1, 2.

This model is similar to FM MBT but with different parame-
ters [61].

Now we understand that the magnetic TI M2BT is well
described by a Bi2Te3-type TI model with corresponding
T -breaking perturbations introduced by Mn. The band inver-
sion in 3D suggests the nontrivial topology may also exist
in 2D, which we characterize below. AFM M2BT films have
PT symmetry which leads to C = 0. They are magnetic in-
sulators with nonquantized θ response from P, T breaking
and finite-size effect. We calculate the energy level versus
the film thickness of AFM Hamiltonian (1). Due to quantum
confinement, the bulk bands become 2D subbands. As shown
in Fig. 3(a), the gap converges when the film exceeds 5 NL,
which is consistent with the first-principles calculations listed
in Table I. The first pair of subbands |S1〉 and |S2〉 are local-
ized on the two surfaces of the thin film [61,64], with a decay
length of about 2 NL. For FM films, T and PT -breaking but
P-conserving leads to spin-polarized bands, allowing C %= 0.
As calculated in Table I, C = 0 for 1 NL and C = 1 for 2–7
NL. The spin-polarized energy level versus the film thickness
in the FM state is calculated in Fig. 3(b), and C is determined
by the number of polarized band inversions [14]. Figure 3(b)
suggests 3 NL has the maximum gap in C = 1 QAH and is
consistent with first-principles calculations.

FIG. 3. The subbands energy level versus the thickness of the
thin film for (a) AFM and (b) FM. In (a), the gap of the AFM film
converges quickly as thickness exceeds 5 NL. The densities of |S1〉
and |S2〉 are localized on surfaces. In (b), the band inversion of the
first pair of polarized bands (red and blue lines which are localized on
surfaces) leads to C = 1 in the shaded region. The second polarized
band (green and purple lines) inversion suggests C = 2 when the film
is 10 NL or thicker.

Intriguingly, here as the interlayer exchange coupling is
quite weak, the Mn layers may be driven into different mag-
netic configurations, which further modify the band topology.
Take 2 NL for example; we calculate the band structure,
relative total energy, and C for five different magnetic con-
figurations named AFM, FM, interstate I, II, and III shown
in Fig. 4. Clearly, FM, I, and II are QAH with C = 1. AFM
and III have C = 0, and lead to zero Hall conductance. As
we show below, the AFM state is a magnetic insulator with
nonquantized θ but III is a trivial insulator.

To describe the layer magnetization tuned QAH state in
M2BT film, we start with the low-energy physics which is well
described by the massive Dirac surface states only, where the
intrinsic magnetic ordering introduces different Zeeman terms
on these two surfaces. The generic effective Hamiltonian for
thin film is

Hfilm(kx, ky) = vF (kyσx − kxσy) ⊗ τz + m(k)1 ⊗ τx

+ gaσz ⊗ τz + g f σz ⊗ 1, (3)

FIG. 4. 2NL M2BT film. (a)–(e) Band structures with AFM, FM,
and interstate magnetic configurations (denoted as I, II, and III).
The relative total energies are shown, where the total energy of the
reference AFM state is set to be zero. The band gap at the ! points
for (a)–(e) are Eg = 67.1, 51.5, 6.2, 8.7, 6.4 meV. (f)–(j) The energy
and momentum dependence of LDOS on the (11̄) edge with AFM,
FM, I, II, and III orders. Interstate II can be obtained from the AFM
state by applying a z-axis magnetic field.
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FIG. 2. FM bulk M2BT. (a) Lattice structure. (b) The band struc-
ture with SOC. (c) Zoom-in band structures along the !-A and
K-W -M directions. (d) and (f) The energy and momentum depen-
dence of the LDOS on the (11̄0) and (001) surfaces, respectively.
The two Weyl points are seen along the A-!-A direction. (e) Surface
states of the (11̄0) termination on the isoenergy plane of the Weyl
points, demonstrating the existence of the Fermi arcs.

along the Ā-!-A line. The Wilson loop calculations suggest
the Chern number C = 1 at the kz = 0 plane and C = 0 at
the kz = π plane [61], which is consistent with the minimal
ideal Weyl semimetal in Fig. 2(c). Figures 2(d)–2(f) show
surface state on different typical surfaces, where Fermi arcs
on (11̄0) termination are clearly seen in Fig. 2(e). Explicitly,
the additional T -breaking but P-conserving terms describing
the z-axis FM state is

δHFM(k) = A′
3kz1 ⊗ τ x + A′

2(kyσ
x − kxσ

y) ⊗ τ y

+ Mz
1(k)σ z ⊗ 1 + Mz

2(k)σ z ⊗ τ z, (2)

where Mz
j (k) = D j

0 + D j
1k2

z + D j
2(k2

x + k2
y ) with j = 1, 2.

This model is similar to FM MBT but with different parame-
ters [61].

Now we understand that the magnetic TI M2BT is well
described by a Bi2Te3-type TI model with corresponding
T -breaking perturbations introduced by Mn. The band inver-
sion in 3D suggests the nontrivial topology may also exist
in 2D, which we characterize below. AFM M2BT films have
PT symmetry which leads to C = 0. They are magnetic in-
sulators with nonquantized θ response from P, T breaking
and finite-size effect. We calculate the energy level versus
the film thickness of AFM Hamiltonian (1). Due to quantum
confinement, the bulk bands become 2D subbands. As shown
in Fig. 3(a), the gap converges when the film exceeds 5 NL,
which is consistent with the first-principles calculations listed
in Table I. The first pair of subbands |S1〉 and |S2〉 are local-
ized on the two surfaces of the thin film [61,64], with a decay
length of about 2 NL. For FM films, T and PT -breaking but
P-conserving leads to spin-polarized bands, allowing C %= 0.
As calculated in Table I, C = 0 for 1 NL and C = 1 for 2–7
NL. The spin-polarized energy level versus the film thickness
in the FM state is calculated in Fig. 3(b), and C is determined
by the number of polarized band inversions [14]. Figure 3(b)
suggests 3 NL has the maximum gap in C = 1 QAH and is
consistent with first-principles calculations.

FIG. 3. The subbands energy level versus the thickness of the
thin film for (a) AFM and (b) FM. In (a), the gap of the AFM film
converges quickly as thickness exceeds 5 NL. The densities of |S1〉
and |S2〉 are localized on surfaces. In (b), the band inversion of the
first pair of polarized bands (red and blue lines which are localized on
surfaces) leads to C = 1 in the shaded region. The second polarized
band (green and purple lines) inversion suggests C = 2 when the film
is 10 NL or thicker.

Intriguingly, here as the interlayer exchange coupling is
quite weak, the Mn layers may be driven into different mag-
netic configurations, which further modify the band topology.
Take 2 NL for example; we calculate the band structure,
relative total energy, and C for five different magnetic con-
figurations named AFM, FM, interstate I, II, and III shown
in Fig. 4. Clearly, FM, I, and II are QAH with C = 1. AFM
and III have C = 0, and lead to zero Hall conductance. As
we show below, the AFM state is a magnetic insulator with
nonquantized θ but III is a trivial insulator.

To describe the layer magnetization tuned QAH state in
M2BT film, we start with the low-energy physics which is well
described by the massive Dirac surface states only, where the
intrinsic magnetic ordering introduces different Zeeman terms
on these two surfaces. The generic effective Hamiltonian for
thin film is

Hfilm(kx, ky) = vF (kyσx − kxσy) ⊗ τz + m(k)1 ⊗ τx

+ gaσz ⊗ τz + g f σz ⊗ 1, (3)

FIG. 4. 2NL M2BT film. (a)–(e) Band structures with AFM, FM,
and interstate magnetic configurations (denoted as I, II, and III).
The relative total energies are shown, where the total energy of the
reference AFM state is set to be zero. The band gap at the ! points
for (a)–(e) are Eg = 67.1, 51.5, 6.2, 8.7, 6.4 meV. (f)–(j) The energy
and momentum dependence of LDOS on the (11̄) edge with AFM,
FM, I, II, and III orders. Interstate II can be obtained from the AFM
state by applying a z-axis magnetic field.
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FIG. 2. FM bulk M2BT. (a) Lattice structure. (b) The band struc-
ture with SOC. (c) Zoom-in band structures along the !-A and
K-W -M directions. (d) and (f) The energy and momentum depen-
dence of the LDOS on the (11̄0) and (001) surfaces, respectively.
The two Weyl points are seen along the A-!-A direction. (e) Surface
states of the (11̄0) termination on the isoenergy plane of the Weyl
points, demonstrating the existence of the Fermi arcs.

along the Ā-!-A line. The Wilson loop calculations suggest
the Chern number C = 1 at the kz = 0 plane and C = 0 at
the kz = π plane [61], which is consistent with the minimal
ideal Weyl semimetal in Fig. 2(c). Figures 2(d)–2(f) show
surface state on different typical surfaces, where Fermi arcs
on (11̄0) termination are clearly seen in Fig. 2(e). Explicitly,
the additional T -breaking but P-conserving terms describing
the z-axis FM state is

δHFM(k) = A′
3kz1 ⊗ τ x + A′

2(kyσ
x − kxσ
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1(k)σ z ⊗ 1 + Mz

2(k)σ z ⊗ τ z, (2)

where Mz
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y ) with j = 1, 2.

This model is similar to FM MBT but with different parame-
ters [61].

Now we understand that the magnetic TI M2BT is well
described by a Bi2Te3-type TI model with corresponding
T -breaking perturbations introduced by Mn. The band inver-
sion in 3D suggests the nontrivial topology may also exist
in 2D, which we characterize below. AFM M2BT films have
PT symmetry which leads to C = 0. They are magnetic in-
sulators with nonquantized θ response from P, T breaking
and finite-size effect. We calculate the energy level versus
the film thickness of AFM Hamiltonian (1). Due to quantum
confinement, the bulk bands become 2D subbands. As shown
in Fig. 3(a), the gap converges when the film exceeds 5 NL,
which is consistent with the first-principles calculations listed
in Table I. The first pair of subbands |S1〉 and |S2〉 are local-
ized on the two surfaces of the thin film [61,64], with a decay
length of about 2 NL. For FM films, T and PT -breaking but
P-conserving leads to spin-polarized bands, allowing C %= 0.
As calculated in Table I, C = 0 for 1 NL and C = 1 for 2–7
NL. The spin-polarized energy level versus the film thickness
in the FM state is calculated in Fig. 3(b), and C is determined
by the number of polarized band inversions [14]. Figure 3(b)
suggests 3 NL has the maximum gap in C = 1 QAH and is
consistent with first-principles calculations.

FIG. 3. The subbands energy level versus the thickness of the
thin film for (a) AFM and (b) FM. In (a), the gap of the AFM film
converges quickly as thickness exceeds 5 NL. The densities of |S1〉
and |S2〉 are localized on surfaces. In (b), the band inversion of the
first pair of polarized bands (red and blue lines which are localized on
surfaces) leads to C = 1 in the shaded region. The second polarized
band (green and purple lines) inversion suggests C = 2 when the film
is 10 NL or thicker.

Intriguingly, here as the interlayer exchange coupling is
quite weak, the Mn layers may be driven into different mag-
netic configurations, which further modify the band topology.
Take 2 NL for example; we calculate the band structure,
relative total energy, and C for five different magnetic con-
figurations named AFM, FM, interstate I, II, and III shown
in Fig. 4. Clearly, FM, I, and II are QAH with C = 1. AFM
and III have C = 0, and lead to zero Hall conductance. As
we show below, the AFM state is a magnetic insulator with
nonquantized θ but III is a trivial insulator.

To describe the layer magnetization tuned QAH state in
M2BT film, we start with the low-energy physics which is well
described by the massive Dirac surface states only, where the
intrinsic magnetic ordering introduces different Zeeman terms
on these two surfaces. The generic effective Hamiltonian for
thin film is

Hfilm(kx, ky) = vF (kyσx − kxσy) ⊗ τz + m(k)1 ⊗ τx

+ gaσz ⊗ τz + g f σz ⊗ 1, (3)

FIG. 4. 2NL M2BT film. (a)–(e) Band structures with AFM, FM,
and interstate magnetic configurations (denoted as I, II, and III).
The relative total energies are shown, where the total energy of the
reference AFM state is set to be zero. The band gap at the ! points
for (a)–(e) are Eg = 67.1, 51.5, 6.2, 8.7, 6.4 meV. (f)–(j) The energy
and momentum dependence of LDOS on the (11̄) edge with AFM,
FM, I, II, and III orders. Interstate II can be obtained from the AFM
state by applying a z-axis magnetic field.
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FIG. 2. FM bulk M2BT. (a) Lattice structure. (b) The band struc-
ture with SOC. (c) Zoom-in band structures along the !-A and
K-W -M directions. (d) and (f) The energy and momentum depen-
dence of the LDOS on the (11̄0) and (001) surfaces, respectively.
The two Weyl points are seen along the A-!-A direction. (e) Surface
states of the (11̄0) termination on the isoenergy plane of the Weyl
points, demonstrating the existence of the Fermi arcs.

along the Ā-!-A line. The Wilson loop calculations suggest
the Chern number C = 1 at the kz = 0 plane and C = 0 at
the kz = π plane [61], which is consistent with the minimal
ideal Weyl semimetal in Fig. 2(c). Figures 2(d)–2(f) show
surface state on different typical surfaces, where Fermi arcs
on (11̄0) termination are clearly seen in Fig. 2(e). Explicitly,
the additional T -breaking but P-conserving terms describing
the z-axis FM state is

δHFM(k) = A′
3kz1 ⊗ τ x + A′

2(kyσ
x − kxσ

y) ⊗ τ y

+ Mz
1(k)σ z ⊗ 1 + Mz

2(k)σ z ⊗ τ z, (2)

where Mz
j (k) = D j

0 + D j
1k2

z + D j
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y ) with j = 1, 2.

This model is similar to FM MBT but with different parame-
ters [61].

Now we understand that the magnetic TI M2BT is well
described by a Bi2Te3-type TI model with corresponding
T -breaking perturbations introduced by Mn. The band inver-
sion in 3D suggests the nontrivial topology may also exist
in 2D, which we characterize below. AFM M2BT films have
PT symmetry which leads to C = 0. They are magnetic in-
sulators with nonquantized θ response from P, T breaking
and finite-size effect. We calculate the energy level versus
the film thickness of AFM Hamiltonian (1). Due to quantum
confinement, the bulk bands become 2D subbands. As shown
in Fig. 3(a), the gap converges when the film exceeds 5 NL,
which is consistent with the first-principles calculations listed
in Table I. The first pair of subbands |S1〉 and |S2〉 are local-
ized on the two surfaces of the thin film [61,64], with a decay
length of about 2 NL. For FM films, T and PT -breaking but
P-conserving leads to spin-polarized bands, allowing C %= 0.
As calculated in Table I, C = 0 for 1 NL and C = 1 for 2–7
NL. The spin-polarized energy level versus the film thickness
in the FM state is calculated in Fig. 3(b), and C is determined
by the number of polarized band inversions [14]. Figure 3(b)
suggests 3 NL has the maximum gap in C = 1 QAH and is
consistent with first-principles calculations.

FIG. 3. The subbands energy level versus the thickness of the
thin film for (a) AFM and (b) FM. In (a), the gap of the AFM film
converges quickly as thickness exceeds 5 NL. The densities of |S1〉
and |S2〉 are localized on surfaces. In (b), the band inversion of the
first pair of polarized bands (red and blue lines which are localized on
surfaces) leads to C = 1 in the shaded region. The second polarized
band (green and purple lines) inversion suggests C = 2 when the film
is 10 NL or thicker.

Intriguingly, here as the interlayer exchange coupling is
quite weak, the Mn layers may be driven into different mag-
netic configurations, which further modify the band topology.
Take 2 NL for example; we calculate the band structure,
relative total energy, and C for five different magnetic con-
figurations named AFM, FM, interstate I, II, and III shown
in Fig. 4. Clearly, FM, I, and II are QAH with C = 1. AFM
and III have C = 0, and lead to zero Hall conductance. As
we show below, the AFM state is a magnetic insulator with
nonquantized θ but III is a trivial insulator.

To describe the layer magnetization tuned QAH state in
M2BT film, we start with the low-energy physics which is well
described by the massive Dirac surface states only, where the
intrinsic magnetic ordering introduces different Zeeman terms
on these two surfaces. The generic effective Hamiltonian for
thin film is

Hfilm(kx, ky) = vF (kyσx − kxσy) ⊗ τz + m(k)1 ⊗ τx

+ gaσz ⊗ τz + g f σz ⊗ 1, (3)

FIG. 4. 2NL M2BT film. (a)–(e) Band structures with AFM, FM,
and interstate magnetic configurations (denoted as I, II, and III).
The relative total energies are shown, where the total energy of the
reference AFM state is set to be zero. The band gap at the ! points
for (a)–(e) are Eg = 67.1, 51.5, 6.2, 8.7, 6.4 meV. (f)–(j) The energy
and momentum dependence of LDOS on the (11̄) edge with AFM,
FM, I, II, and III orders. Interstate II can be obtained from the AFM
state by applying a z-axis magnetic field.
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It can be suppressed 
near the phase boundary

Axion mass

Rich magnetic topological 
states in that region?


