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Pulsar Timing Array : Gravitational Wave (GW) signal?

• Millisecond pulsars:  incredibly stable clocks in space. 
• GWs passing through spacetime slightly alter the arrival times of the pulses. 
• Timing analysis: PTAs can detect correlations in the difference between the observed  
and predicted arrival times from many pulsars for many that are indicative of GWs. 

  [ NANOGrav has observes radio waves from the 67 pulsars for 15 years ~ 0.5 x 108 sec ]

Figure taken from  https://nanograv.github.io/metronomedemo/

(Credit: NASA/DOE/Fermi LAT Collaboration via Nature)

The correlation of a GW signal for pulsars separated by ζ .

Helling-Downs curve: 

This may be utilized to obtain the power spectrum of stochastic gravi-
tational wave background (SGWB), namely stohastic, isotropic gravitational
waves which is a superposition of GWs from many sources. Since Eq. (3.2.12)
is linear in h, actual ∆ν/ν is the superposition of Eq. (3.2.12) is the sum of
contributions from all the sources. If one takes the cross-correlation over the
observation time T

〈fg〉
∣∣∣∣
τ

:=
1

T

∫ T −τ

−(T −τ)
dt f(t)g(t+ τ) (3.2.13)

of Eq. (3.2.12) between two pulsars i and j, we have

Cij(τ) :=

〈
∆νi
νi

∆νj
νj

〉
(3.2.14)

= αiαj

〈
h2
〉
+ αi 〈hnj〉+ αj 〈hni〉+ 〈ninj〉 . (3.2.15)

Realistically, the observation span T is several ten years. The distances to
the pulsar are typically much longer [37] and thus, the terms in Eq. (3.2.15)
involving n’s are expected to vanish because of the stochastic nature of the
GWs. Therefore, Cij(τ) for SWGB is the sum of the first term of Eq. (3.2.15).
Moreover, since the GWB is isotropic, we should average αiαj over all possible
direction and polarization. This yields

Cij = αij

〈
h2
〉

(3.2.16)
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where ξij is the angle between the two pulsars. Thus, the autocorrelation of the
GWB

〈
h2
〉

is factored out.
Equation (3.2.17) yields Fig. 3.3. It is called the Hellings-Downs curve after

the authors of Ref. [36]. The overall shape can also be seen qualitatively. The
correlation becomes large when the two pulsars are close or nearly opposite on
the celestial sphere, which is exactly when the lines of sight receives the same
modulation from GWs. For ξij ∼ π/2, the distances receive the modulation in
the opposite sign and αij forms the dip.

3.3 Recent Results and Cosmic Strings
Recently, multiple PTA experiments evidenced stochastic gravitational waves [6,
7]. For instance, Fig. 3.4 shows the angular correlation observed at the North
American Nanohertz Observatory for Gravitational waves (NANOGrav) [6] and
the Hellings-Downs curve. In the following, we discuss the results from this
group as a representative.

NANOGrav [38] is a pulsar timing array experiment that consists of mul-
tiple telescopes in North America. The latest data release [6] contains signals
collected for about 15 years from 68 pulsars in total.

39

C(ζ ) = Cij /⟨h2⟩

PTA can detect the stochastic GWs !

https://www.nature.com/news/2010/100113/full/463147a/box/1.html


Hint of Metastable String?
[NANOGrav, 2306.16219]
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[NANOGrav 2306.16219]

3.3 The gravitational-wave spectrum

For our study, we compute the GW spectrum observed today generated from CS as
follows (see app. B for a derivation)

⌦GW(f) ⌘ f

⇢c
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with

⇥ ⌘ Heaviside function,

µ, G, ⇢c ⌘ string tension, Newton constant, critical density,

a ⌘ scale factor of the universe

(we solve the full Friedmann equation for a given energy density content),

k ⌘ proper mode number of the loop (e↵ect of high-k modes are discussed in App. B.6.

For technical reasons, in most of our plots, we restrict to 2⇥ 104 modes),

� ⌘ gravitational loop-emission e�ciency, (� ' 50 [158])

�(k) ⌘ Fourier modes of �, dependent on the loop small-scale structures,

(�(k) / k�4/3 for cusps, e.g. [37]),

F↵ ⌘ fraction of loops formed with size ↵ (F↵ ' 0.1), c.f. Sec. 3.2,

Ce↵ ⌘ loop-production e�ciency, defined in Eq. (34),

(Ce↵ is a function of the long-string mean velocity v̄ and correlation length ⇠,

both computed upon integrating the VOS equations, c.f. Sec. 4)

↵ ⌘ loop length at formation in unit of the cosmic time, (↵ ' 0.1)

(we consider a monochromatic, horizon-sized loop-formation function, c.f. Sec. 3.2),

t̃ ⌘ the time of GW emission,

f ⌘ observed frequency today

(related to frequency at emission f̃ through f a(t0) = f̃ a(t̃),

related to loop length l through f̃ = 2k/l,

related to the time of loop production ti through l = ↵ti � �Gµ(t̃� ti)),

ti ⌘ the time of loop production,

(related to observed frequency and emission time t̃ through

ti(f, t̃) =
1

↵ + �Gµ


2k

f

a(t̃)

a(t0)
+ �Gµ t̃

��
,

t0 ⌘ the time today,

tosc ⌘ the time at which the long strings start oscillating, tosc = Max[tfric, tF ],

tF is the time of CS network formation, defined as
p

⇢tot(tF ) ⌘ µ where ⇢tot is

the universe total energy density. In presence of friction, at high temperature,

the string motion is damped until the time tfric, computed in app. D.4,

l⇤ ⌘ lc for cusps and lk for kinks in Eq. (16) and Eq. (17)

(critical length below which the emission of massive radiation

is more e�cient than the gravitational emission, c.f. Sec. 3.1).
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Figure 10. Same as in Fig. 5 but for the metastable-string models meta-l (GW emissions from loops only) in the left panel
and meta-ls (GW emission from loops and segments) in the right panel. The gray shaded regions are strongly disfavored by
the NG15 data, as they result in a K ratio of less than 1/10 (see Eq. (10)); the teal shaded regions are ruled out by the CMB
bound on cosmic strings (Ade et al. 2016; Charnock et al. 2016; Lizarraga et al. 2016); and the regions to the right of the yellow
contour lines violate the LVK bound in Eq. (24). Fig. 29 in Appendix C.4 shows extended versions of the two plots that include
the SMBHB parameters ABHB and �BHB.

model, which demonstrates the e↵ect of the additional
contribution to the GW signal from string segments. In
fact, in the region of highest posterior density, the seg-
ment contribution dominates over the loop contribution
in the meta-ls model. Second, we point out that the
1D marginalized posterior distributions for log10 Gµ ex-
hibit small local maxima at log10 Gµ ⇠ � (11 · · · 10),
which correspond to the stable-string limit within the
metastable-string models. This limit is realized for large
values of the decay parameter,

p
 & 9, which pushes the

e↵ect of the network decay to frequencies below the PTA
band. Next, we observe that for meta-l the log10 Gµ

posterior experiences a sharp drop-o↵ at log10 Gµ ⇠ �5,
whereas for meta-ls, there is a small dip in the log10 Gµ

posterior at log10 Gµ ⇠ �5. Both features can be traced
back to the Heaviside theta function in Eq. (46), which
ensures that no more new loops are formed during the
decay regime of the network. Because of this Heaviside
theta function, the loop contribution to the GW spec-
trum moves to frequencies above the PTA band if we
raise log10 Gµ above log10 Gµ ⇠ �5. In this sense, the
drop-o↵ and the dip in the log10 Gµ posteriors should
be regarded as being due to our simplified theoretical
modeling of the GW spectrum. More work is necessary
to improve on the description in terms of a simple Heav-
iside theta function and obtain a better understanding
of the evolution of the decaying network. We expect

that a more accurate description of the transition from
the scaling to the decay regime would result in smoother
log10 Gµ posteriors. Finally, we note that some of the
fluctuations in the posteriors in Fig. 10 can be attributed
to the fact that, in the case of the metastable-string
models, we have to work with tabulated data for the GW
spectrum, based on the numerical evaluation of Eq. (40).

We also use the corner plots in Fig. 10 to highlight
the relevant bounds on the parameter space spanned by
log10 Gµ and

p
. The gray shaded areas notably in-

dicate the K-ratio bound, which marks the parameter
regions that are ruled out by the NANOGrav data. In
these regions, the GW signal from metastable strings
exceeds the observed signal and hence is unacceptably
large. We find that the NANOGrav bound is stronger
than the well-known CMB bound, which demands that
a cosmic-string network that has not yet decayed by the
time of recombination must not have a cosmic-string
tension larger than log10 Gµ ' �7 (Ade et al. 2016;
Charnock et al. 2016; Lizarraga et al. 2016). In or-
der to derive the CMB bound, we estimate that a de-
caying network completely disappears because of GW
emission at times around te ' (2/ (�Gµ))1/2

ts, which
is the time when the second term in the exponent
in Eq. (50) becomes large. The teal shaded areas in
Fig. 10 indicate where the conditions log10 Gµ > �7
and te > trec ' 370, 000 yr are satisfied simultaneously.

Metastable Cosmic String well fits the signal !

  

         (  )

GN μ ∼ 10−8 − 10−4

μ1/2 ∼ 1015 − 1017 GeV

Tension (mass per unit length)   : μ

Decay width per unit length   :Γd =
μ
2π

e−πκ

Breaking @ cosmic time ts ∼ Γ−1/2
d

ts ∼ 103 sec, (GN μ ∼ 10−4)
ts ∼ 106 sec, (GN μ ∼ 10−8)
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Figure 1. Summary of the main Bayesian and optimal-statistic analyses presented in this paper, which establish multiple lines
of evidence for the presence of Hellings–Downs correlations in the 15-year NANOGrav data set. Throughout we refer to the
68.3%, 95.4%, and 99.7% regions of distributions as 1/2/3� regions, even in two dimensions. (a): Bayesian “free-spectrum”
analysis, showing posteriors (gray violins) of independent variance parameters for a Hellings–Downs-correlated stochastic process
at frequencies i/T , with T the total data set time span. The blue represents the posterior median and 1/2� posterior bandsa

for a power-law model; the dashed black line corresponds to a � = 13/3 (SMBHB-like) power-law, plotted with the median
posterior amplitude. See §3 for more details. (b): Posterior probability distribution of GWB amplitude and spectral exponent
in a HD power-law model, showing 1/2/3� credible regions. The value �GWB = 13/3 (dashed black line) is included in the 99%
credible region. The amplitude is referenced to fref = 1yr�1 (blue) and 0.1 yr�1 (orange). The dashed blue and orange curves
in the log

10
AGWB subpanel shows its marginal posterior density for a � = 13/3 model, with fref = 1yr�1 and fref = 0.1 yr�1,

respectively. See §3 for more details. (c): Angular-separation–binned inter-pulsar correlations, measured from 2,211 distinct
pairings in our 67-pulsar array using the frequentist optimal statistic, assuming maximum-a-posteriori pulsar noise parameters
and � = 13/3 common-process amplitude from a Bayesian inference analysis. The bin widths are chosen so that each includes
approximately the same number of pulsar pairs, and central bin locations avoid zeros of the Hellings–Downs curve. This binned
reconstruction accounts for correlations between pulsar pairs (Romano et al. 2021; Allen & Romano 2022). The dashed black
line shows the Hellings–Downs correlation pattern, and the binned points are normalized by the amplitude of the � = 13/3
common process to be on the same scale. Note that we do not employ binning of inter-pulsar correlations in our detection
statistics; this panel serves as a visual consistency check only. See §4 for more frequentist results. (d): Bayesian reconstruction
of normalized inter-pulsar correlations, modeled as a cubic spline within a variable-exponent power-law model. The violins plot
the marginal posterior densities (plus median and 68% credible values) of the correlations at the knots. The knot positions are
fixed, and are chosen on the basis of features of the Hellings–Downs curve (also shown as a dashed black line for reference): they
include the maximum and minimum angular separations, the two zero crossings of the Hellings–Downs curve, and the position
of minimum correlation. See §3 for more details.

[NANOGrav 2306.16213]

Approx. 3σ excess compared  
with uncorrelated noise[NANOGrav 2306.16219]

Pulsar Timing Array : Gravitational Wave (GW) signal?



What is Cosmic String ?

Spontaneous Symmetry Breaking  (Higgs Mechanism)

Re�

Re�

V (⇢)
Im ϕ

Direction of symmetry breaking on xy-planeU(1) Rotation Invariant Potential

Symmetry is broken at the vacuum  
homogeneously



What is Cosmic String ?

Re�

Re�

V (⇢)
Im ϕ

U(1) Rotation Invariant Potential

Symmetry is broken at the vacuum but 
leaves a defect ( = symmetry enhanced point)

Direction of symmetry breaking on xy-plane

symmetry 
unbroken !

In the early Universe non-trivial structures often appear  
at the phase transition of the spontaneous symmetry breaking. 

Spontaneous Symmetry Breaking  (Higgs Mechanism)



What is Cosmic String ?

Along the defect (= symmetry restored point) 
string-like object is formed 

Cosmic String !

New physics models which predict cosmic strings  
are quite common!



Physics of Cosmic String in minutes

Non-QED Magnetic field is going through the cosmic string.

Magnetic field 

Long strings keep generating loop strings.

Long strings do not disappear from the Universe, i.e. stable.

Loop strings shrink by emitting GWs and disappear.

(Reconnections and self intersections etc.)

GW GW GW GW

Long strings remain in the Universe 
and keep generating loop strings.Long strings self-intersect/reconnect

(It costs infinite of energy to make the long string disappear)

LoopLoop



[Buchmüller et al., 2023]

Metastable String ?

Cosmic String with stable long string cannot explain the PTA results…

late emission early emission←

Dotted ~ stable,  
Solid ~ metastable,  
Dashed ~ more fragile

We need to make the long string disappear from the Universe 

(String loops generated at the late time makes the GW spectrum inconsistent)

→ Make strings metastable

PTA signal



How to make strings metastable ?

Key : Magnetic field 

Assume U(1) symmetry breaking model possesses Magnetic monopole.  
        → The string can break by creating monopole-antimonopole pair !

string
antimonopole monopole

Figure 4: Cosmic string breaking through monopole-antimonopole pair production.

disappear from the Universe.

3 String Breaking

In this section, we discuss the breaking process of cosmic strings in our model. They are spon-

taneously cut via a monopole-antimonopole creation inside, which is a tunneling process. In the

following, we compare two kinds of estimates of the bounce action: the conventional one that ne-

glect the soliton sizes and the one based on the Ansätze proposed in Ref. [21] which takes them into

account.

3.1 Breaking of Infinitely Thin String

Here, we briefly review the conventional estimate of the string breaking rate in the infinitely thin

cosmic string limit [20]. As discussed in the previous section, a cosmic string can end with a

monopole in our setup. This means that a cosmic string can be cut by a monopole-antimonopole

pair production as a tunneling process (see Fig. 4).

To calculate the tunneling factor, we use the Euclidean path integral method (t = �itE). In

the infinitely thin string limit, the string breaking process may be regarded as a vacuum decay in

1+1 dimensions. That is, the string corresponds to the false vacuum and the absence of string

corresponds to the true vacuum. The monopole plays the role of the domain wall separating the two

vacua (see Fig. 5).

In the Minkowski space, the cosmic string is invariant with respect to Lorentz boosts along the

string, on which we place the z(= x3) axis. Lorentz boosts in the (t, z) plane correspond to rotations

in the Euclidean (tE, z) plane.4 We assume that the bounce solution preserves this symmetry, and

hence, the domain wall separating the two vacua (i.e. monopole worldline) is a circle on the (tE, z)

plane.

The bounce action of the bubble is given by,

SB = mM

Z

worldline

dx� µ

Z

hole

d2S (3.1)

= 2⇡⇢⇤
E
mM � ⇡⇢⇤

E

2µ , (3.2)

4The magnetic field along the cosmic string corresponds to FU(1)12
6= 0, which is invariant under either Lorentz

boosts in the (t, z) plane or SO(2) rotations in the (tE, z) plane.
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[Vilenkin 1982]

Long string can break 

MonopoleAntimonopole

Long string

This type of the system is ubiquitous in Grand Unified Theory  
such as SO(10) model.



How to make strings metastable ?

How about the breaking rate ?

 ,     Γd =
μ
2π

e−πκ κ =
M2

M

μ

Preskill Vilenkin approximation of decay rate per unit string length (1992)

 : string tension,  : Monopole Massμ MM

This estimate is valid when we neglect the string width and  
the monopole size.



How to make strings metastable ?

How about the breaking rate ?

In our work, we performed numerical estimate of the string decay rate 
by taking into account the finite thicknesses of strings and monopoles. 
(Based on a proposal by Shifman&Yung 2002)
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Figure 14: (a) The mass ratio dependence of SB with g = 1 and mW/m� = 5. The solid (dashed)
lines correspond to the improved (primitive) Ansatz. The bounce action is shown as a function of
one of mh/m�, mh2/mW , m�/mW , with the other two fixed to unity. (b) The bounce action as
a function of V (with v = 1) and mh/m�, with g = 1 and m� = mh2 = mW , calculated by the
improved Ansatz. The dashed lines show the bounce action by the sizeless approximation. In the
yellow shaded region, the bounce action in the improved Ansatz is smaller than that in the sizeless
approximation. The cyan band corresponds to the PTA data,

p
 ' 7.5–8.5. The lighter cyan band

shows the same in the sizeless approximation.

The improved Ansatz, on the other hand, results in much larger bounce action for mW � m�.

The larger bounce action is due to the non-trivial kinetic function Ke↵ which enhances the e↵ective

“potential barrier.” Thus, although the string tension for given � is smaller for the improved Ansatz

(see Fig. 9), the resultant bounce action is much larger than that of the primitive Ansatz. However,

this result may be due to our procedure of minimizing Ke↵(�) and T (�) separately as explained

above, rather than a problem inherent in the Ansatz itself. Searches for a better procedure are left

for a future work.

For parameter region with mild hierarchy, i.e., mW/m� < O(10), the thin-wall approximation

deviates from the full bounce solution and underestimates the bounce action. The deviation is

due to the rather low potential barrier compared to the di↵erence of the “vacuum energy,” with

which the thin wall approximation is no longer valid. This observation signals that the infinitely

thin approximation is also not valid for the mild hierarchy since it corresponds to the thin wall

approximation.

Besides, for the infinitely thin approximation, S(thin)

B , we use the monopole mass and the string

tension in the hierarchical limit, mW � m�. For mW/m� = O(1), on the other hand, the dynamics

of � and h are not well separated, and hence, the expression of S(thin)

B in Eq. (3.4) is no more reliable.

Since the bounce action compatible with the PTA data requires mW/m� = O(1), there is a large

uncertainty when interpreting bounce action in terms of monopole mass or string tension through

21

V ∼ Mm / μ
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In the yellow shaded region, the string decay can be much faster than  
the prediction of the Preskill-Vilenkin approximation.

Our result provides important information to pin down the parameters of 
the model, such as SO(10) GUT settings!

arXiv: 2312.15662
(our work)


